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Abstract - This paper is a sequel to our previous work in
which we found a elementary arithmetic operators of
simple continued fractions. We consider the continued
fractions (C.F.). We found the multiplication operation of
two continued fractions with positive non integer
numerators. We apply our finding to many examples of
continued fractions.
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I. INTRODUCTION

Since the beginning of the 20th century continued
fractions have made their appearances in other field. An

example of their versatility: solving Gear-Ratio problem and
solving indeterminate equations. Continued fractions have also
been utilized within computer algorithms for computing
rational approximations to some real number [1,2,4,59].
Continued fractions have been extensively studied and there is
a large body of research related to them [3,10]. Our main
study is the operations of the continued fractions, previous
studies have shown that the operations of the simple continued
fractions follow similar patterns to those of continued
fractions [6,7,8]. Therefore it is important to make this
comparison. In this paper, we concentrate on the
multiplication operation of two continued fractions with
positive non integer numerators. We apply our result form or
many examples.

Il. PRELIMINARIES

Definition 2.1: A continued fraction is an expression of the form a, +b—°,,1

where agy,aq,a,,... and

+b_n
an

by, b1, by, ... can be real or complex, and their numbers can be either finite or infinite. In this paper, we consider the

continued fractions of the form a, + -

1 ap+

z
e
an

a positive non integer. We denote it by [ag ; a1, a5, ... ], .

Example 2.1

s
@ 1+-%45=[137]
3+2

1
() -3+-=33=[-312]:.
3 3

5.
p 3
1+

%, where q, is an integer, a;,a, ,as, ..., a, are positive integer and z is

2

©2+—r =[212,..]

1435 3

243

(a), (b) have a finite number of terms, and (c¢) has an infinite number of terms.

Theorem 2.1: A number is rational if and only if it can be expressed as a finite C.F. [6].
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Example 2.2:
40 3 3 3 3
@ 7=3+%F=3+"3=3+—"3=3+—" :[3,2,4,7,3]3/2.
1 244 24+—24 2+—2—
5 4+ 42y
z 742
(b) T=2+F=2+"=2,13]
9 143

Remark 2.1: To expand a negative rational number —%(a ,b > 0) into C.F we take the greatest integer number [%J
for the first term of C.F that is, l_—baJ = a,, Where —ay < — < —aj + 1. We write — = —ay + - and then we
b

use the same techniques in theorem 2.1 to get the remaining terms for Z— That is, if %: lai,a; -+, a,] . Then

Ta = [ag; a1, a; ---,a,’l]z. [8].

58
Example 2.3: T 7+11
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Lemma 2.1: [Cy;Cy € 5,0,C gy €], 5 Cpesy €55 €55 €15 € g C]

I1l. MULTIPLICATION OPERATION FOR TWO CONTINUED FRACTIONS

Definition 3.2: Let [ag;aq,.., a1, and [bg;by, ..., b, ], be two C.F. ay, b, are non-negative, then we defined their
multiplication by:

(1) If m = nthen [ag;ay, .., anl; X [bo,by, .., bn] = [do;dy, ..., dy], (3.2a)
Where
do = aobo.
_ aiby
dl - laoa1+b0b1+zJ'

d _ l z(aobz(alaz+z)+a2b0(b1b2+z)+za2b2) J
2 (a1a2+z)(b1b2+z)—d1(aobz(alaz+z)+a2b0(b1b2+z)+za2b2) '

© 2017-2020 IRJIET All Rights Reserved www.irjiet.com Impact Factor: 4.66 15



=, International Research Journal of Innovations in Engineering and Technology (IRJIET)

/7 L ISSN (online): 2581-3048
/I,HJ I ET Volume 4, Issue 7, pp 14-19, July-2020
https://doi.org/10.47001/IRJIET/2020.407003

d. = Z(km(a1)km(b1)km—3(d2)—(aokm(al)km—l(bz)+bokm—1(az)km(b1)+Zambmkm—z(az)km—z(bz))km—z(d1)) if m odd
™| (@okm @)k -1 (b2)+bokim (b1)kim —1(a2)+2@m b km 2 (a2)kim —2 (02) ke -1 (d1) —km (@)km (b)km —2(d2) [

d. = Z((aOkmfl(bZ)km(a1)+b0km71(a2)km(b1)+2ambmkmfz(az)kmfz(bZ))km72(d1)_km(al)km(bl)km—?,(dZ)) if m even
m = ] Km (@) (b)) —2(d2)—(aokm—1 (b km (@1)+bokm —1(@2) ki (b1)+2am by km —2(a)kym -2 (b2) )k —2(d1) _' m '

form = 2,3, ...,n. The last term d,, is to expanded again as a C.F .
(2) If m # n then (suppose that m < n) then

[ag;as, .o, @z X [Boiby, oo, By b1, -, bul, = [doidy, oy gy Ay, oo, ] (3.2b) where d; = d; for

j=12,..,m,(d;aswedid for case m = n ), while d; = d; ;_,

d Z(km(a1)kj(b1)kj—3(dz)—(a0km(al)kj—l(bz)+bokj(bl)km—l(az)+2km—1(az)kj—l(bz))kj—z(dl)) it 7 is odd
Pi_m = ,ITJ IS0
il (aokm (@p)lej 1 (b2)+bok; (b1l -1 (@2)+2km 1 (2)k;j -1 (b2) )k 1 (d1) =k (@1)kj (b1)k;j —2(d2) J
Z((aokm(al)kj—l(b2)+b0kj(bl)km—l(a2)+2km—1(aZ)kj—l(bZ))kj—Z(dl)_km(al)kj(bl)kj—3(d2)) .
dijm = , if j is even, for
! km(al)kj(bl)kj—z(dz)_(aokm(al)kj—l(b2)+b0kj(bl)km—l(a2)+ka—1(a2)kj—1(bZ))kj—l(dl)

j=m+1,m+2,..,n. Lasttermis to be treated as continued fractions as we did before, and not as greatest integer

number.

Example 3.1: Find [3;3]3/2 X [3;7]3/2

Solution: Let [3;3]3/2 = [ay;a4], and [3;7]3/2 = [by;b1],, (m = n = 1), from (3.2a), we have [3;3]3/2 X [3;7]3/2 = [ag;aq], X
[bg;b1], = [d,;d;],, where d;is the last term and
d0=a0b0=3'3=9.

aih 3.7 2
d, = L = 7 == (to be treated as C.F).
a0a1+b0b1+z 3.3+3.7+E 3

= [0;2,6]3/2.
Then [3;3]3/2 X [3;7]3/2 = [9;0,2,6]3/2 (by lemma 2.1)
= [11;6]3/2.

Example 3.2: Find [3;3,3]3/2 X [6;1,2]3/2.

Solution: Let [3;3,3]3/2=[ao;al,az]g/zand [6;1,2]3/2=[b0;b1,b2]3/2, m =n=2 from (3.2a) we have [3;3,3]3/2><

[6;1,2]3/2 = [dy;d4, d;],, where d,is the last term and

d0:a0b0:3'6:18.
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- e =[] =i -
d1 - |J10(11+b0b1+Z - [9+6+3] - 11 O

_ Z(aobz(a1a2+z)+a2b0(b1b2+z)+za2b2)
(a1a2+z)(b1b2+z)—d1(aobz(a1a2+z)+a2b0(b1b2+z)+za2b2)’

d;

3(3. EAYPS Nyl
320+ )e3(24;)6) =20 (to be treated as C.F), we get

(943)(2+5)-0(3:2(943)+6:3(245)+635) 49

o] o)

6+—3—
2+—3—

Then [3;3,3]3/2 X [6;1,2]3/2 = [18;0,5,2,1,2,2,1,2,6,2,2,6]3/2 (by lemma 2.1)
= [23;2,1,2,2,1,2,6,2,2,6]3/2 .
Example 3.3: Find [3;3]3/2 X [3;3,3]3/2

Solution: Let [3;3]3, = [ag;a;], and [3;3,3]3, = [by;by,b;],, m =1, n=2 from definition (3.2b) we get [3;3]3, X
/2 /2 /2

[3:3,313), = [ag;a1], X [bo:by, by], = [do;dy, ], where d, is the last term and

d6=d0=a0b0=3'3=9.

¢ a1b1 9 18
d1=d1=l J: 3:l_:0_
apai+bobi+z 3:3+3:3+ 39

3 3y, 3
z(agaiby+bo(b1by+2z)+zby) J_ E(Z7+3(9+E>+E'3) _ l189 _
ai(bibz+z)—di(agaiby+bo(b1by+2)+zb3) 3(9+%)

dy=dy, = l
Then [3;3]3/2 X [3’;;3,3]3/2 = [9;0,3]3/2 (by lemma 2.1)
= [12]5,, = 12.

24 24

To check, we have[3;3]3,, x [3;3,3]3,, = % 2=

Example 3.4: Find [4;2]7/4 X [2;9,5,7]7/4.
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Solution: Let [4;2]7/4 = [ag;a4],, [2;9,5,7]7/4 = [bg;by, by, b3],, m=1, n=3 (m<n) from definition (3.2b) we have

[4;2]7/4 X [2;9,5,7]7/4 = [ag;a,1, X [by;by, by, b3, = [dy;d;, dy,d3],, Where dj is the last term and

d6=d02a0b0=4'2=8.

’ a1b1 29 72
d1=d1=[ J: =12 =o.
apai+bobi+z 42429+ 111

= 2.

7 7
o l z(aga1by+bg(b1by+z)+2zby) J _ Z(4l2.5+2(45+1)+( )(5)) _ l3983J
2 a1(b1by+z)—d(aga1by+bo(b1by+2z)zb3) 2(45+£)_0(4.2.5+(45+%)+(%)(5)) 1496
dl _ Z(al(b1b2b3+Zb1+Zb3)(1)—(a0a1(bzbg+Z)+b0(b1b2b3+lb1+Zb3)(1)+(1)(b2b3+Z)Z)di)

%(2(315 +9(§)+(7)(§))>

3~ (aoal(b2b3+Z)+b0(b1b2b3+Zb1+Zb3)(1)+Z(1)(b2b3+Z))(didé+Z)—a1(b1b2b3+zb1+zb3)’

_ 224

Tobe treated as C.F.

224
85 [2;2,2,5,3,2,1,1,2,22,2,3,1,2,6,4,3,10,5,2,4,5,2,3,8,4,9,5,7] 7y

Then [4;2]7/4 X [2;9,5,7]7/4
=[8; 0,2,2,2,2,5,3,2,1,1,2,22,2,3,1,2,6,4—,3,10,5,2,4—,5,2,3,8,4—,9,5,7]7/4
= [10; 2,2,2,5,3,2,1,1,2,22,2,3,1,2,6,4—,3,10,5,2,4—,5,2,3,8,4—,9,5,7]7/4

IV. CONCLUSION

This paper is the Second part for the operations of the
continued fractions with positive non Integer numerators. In
the first part, we discovered the definitions of addition and
subtractions operations of continued fractions. In this part,
we defined the multiplication operation of two continued
fractions.
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