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Abstract - In continuous search for a better method of
estimating the population mean in double sampling
techniques, with advantageous properties than some
existing ones and to address the problem of efficiency
thereon, a generalized efficient family of ratio estimator of
population mean under double sampling techniques is
suggested using information on a single supplementary
variable. Members of the suggested family of estimator
were obtained by modifying the values of the scalars
associated with the suggested estimator. These estimator
and its members were then transformed to an expanded
form, from where their properties such as Biases, relative
biases, Mean Square Errors (MSEs), and Optimal Mean
Square Errors (OMSES) were derived to the second order
of Taylor series approximation. Theoretical underpinnings
and conditions for measuring efficiency of an estimator
over its competitor estimators were established and
validated with some natural population data sets. The
results showed that the generalized efficient family of ratio
estimators in double sampling techniques produced
smaller MSEs which is an indicator of appreciable gain in
efficiency and dominance over some existing ratio
estimators and were therefore deemed to provide a better
substitute whenever priority is placed on efficiency.

Keywords: MSEs, Double Sampling, Efficiency, Estimator
and Population Mean.

1. Introduction

It is a fact that sample survey became imperative to
savage financial inadequacy, limited time, manpower, scarcity
of units and other associated risks of studying the entire
population by method of complete enumeration or census
procedure. Statisticians over the years have been unrelenting
towards achieving the main goal of statistical survey which is
to reduce sampling errors either by devising suitable sampling
techniques or by formulating efficient estimator of the
population parameters.

In sampling procedure, estimation of population
parameters has been of paramount interest. This estimation
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most times seek to make use of better methods of estimation
that would give an improved result. Most often, interest has
been on the mean of a certain characteristic of a finite
population on the basis of the sample taken from the
population following a specific sampling procedure. Since the
mean has much application in sampling and statistical
analysis.

The ratio and regression methods of estimation require
the knowledge of population mean of supplementary variable
Xto estimate the population mean of study variableY. When
such information on the supplementary variable is not
available or feasible, it is sometimes cheap to take a large
preliminary sample in which x;, alone is measured. The
purpose of this sample is to furnish a good estimate of Xor of
the frequency distribution ofx;. In some survey whose
function is to make estimate of some other variate y; , it may
pay to devote part of the resources to this preliminary sample.
This techniques is known as double sampling or two phase
sampling.

Literatures on sampling is quite vast and traceable to the
early part of the 20" century to[3] who laid the foundational
stone of modern sampling dealing with stratification, [15],
[16],advocated two-phase sampling to address the problem of
strata sizes in stratified sampling, while the estimation of
population mean in double sampling for the classical ratio
estimator of [7],was first advocated by [23]. Other authors
who suggested variety of ratio estimators in double sampling
scheme included; [11], [20], [19], [21], [22], and [4], to
mention but a few.

The search for a better estimator of population mean that
will give an improved result in double sampling techniques
and in a view to provide a better alternatives to the existing
ratio estimators made many authors to propose variety of
estimators’ which were found to give an improved results
under certain conditions. Notably among them were; [10],
[12], [18], [], [22], [21], [5], [8L.[9]. [17].[2], [1] and [25],
etcetera.
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In continuous search for a better method of estimating the
population means in double sampling scheme with desirable
properties than some existing ones and to address the problem
of efficiency thereon, this study puts forward a generalized
efficient family of ratio estimator of population mean under
double sampling techniques using information on a single
supplementary variable.

2. Methodology

This study applies the method of mathematical
expectation and Taylor’s series approximation to the second
order to derive the theoretical results. Some existing
estimators (with their properties) that are related to this study
are presented. A generalized efficient family of ratio estimator
of population mean in double sampling is suggested.

The properties of the suggested estimator as well as its
optimality condition were obtained. This condition was then
used to obtain an expression for the Asymptotic Optimal
Estimator (AOE), its bias and MSE.

2.1 Sampling method
(a) Simple Random Sampling description

Let {U;, U,,...,Uy} be a finite population having N
units, where U; is a pair of values(X;, Y¥;), i=1,2,...,N,
Here Y is a study variable and X is the supplementary variable
which is correlated withY. Let (yq, v, ..,),) and (xq,
X3 ,...,%,) be n sample values, then under Simple Random
Sampling Without Replacement (SRSWOR), the means and
variances of the study and supplementary variables are given
as:

M

_ 1

Xsps = Nz X;
im1

L&
YSRS=N YiJ
im1

€y

)t

Var(Ysgs) = (1711) Uy2

Var(Xggs) = ( @

If the finite population correction f # 0

o2=(N—-1)" 3 X — )’
o = (N =1 (¥ — ) ©)
O-xzy = (N - 1)_1 Z?Izl(Xi - .ux)(YL - .uy)
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Pxy = 0,0,
Oxy = Cov(x,y)\ (4)
2
C2 = U_y
y 2
Hy
2

2 _ %«

x = 2
Hx

2.2 Double sampling description

Let r; = {m, m, m3 ---my} be a population containing the
study and supplementary variate taking values on the ;. Two
approaches or cases of estimating the population mean are
presented below:

Case I: “A large preliminary sample of size 7, is selected by
simple random sampling Without replacement (SRSWOR)
from the population of N units and information is obtained on
the supplementary variable alone. A second sub-sample of size
n,(ny,<n,) is selected by simple random sampling
SRSWOR. Information on Y is obtained from the second
phase sub-sample”.

Case Il: A second sample of size n, is obtained from the
population independent of the first phase sample and
information on both the supplementary and study character are
obtained from this sample.

Some existing simple random sampling ratio estimators
of the product mean w,, of the study variable Y alongside their

MSE’s are presented in table 1: where f =% , N is the

population size, n is the sample size, R is the population

ratio,p,, is the correlation coefficient between X and Y, o, is
1 1

the covariance between X and Y, 1 = L _lopdd =1-2
ny N nq N

Table 1: Some existing ratio estimators in double sampling with MSE

SN E MSE
T. 7. Sample hMean AP TcF

2 ¥ (&) . Sukhatme (1962) PILACE + (2 — 2D I — 20
3. ¥ (22) , Srivastava (1970) 7 3ACF + (2 — 2)aCE (@ — 2K}
4. —

- or Xy —%,
Fexp Sl —+1-
Singh et al (2014)

FlaE) + (1 — a1,
Singh & Choudhury (2012)

7. - R—=
Feplgas
Bahl and Tuteja (1991)

8 _ £—X

¥ exp[__‘]

- £+ X

Bahl and Tuteja (1991)
° 5 [Earem)

af, + £,
Etort: (2019)

¥ :(Acf - -

= Cx(1—ak)}

A= 2%

? e+

CZ (6 — 4k)}
b :).cf 1= p3)
Lei + S - apac

£ . e
i + £+ apcgny

Pics (J.'-‘—(ni—%)u —_931)
2
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2.3 The suggested generalized efficient family of ratio estimator for population mean under double sampling techniques

Motivated by [8] ratio estimator of population mean under double sampling scheme, a generalized efficient family of ratio
estimator for population mean under double sampling techniques is suggested and presented as follows:

= X1+a*xy 4
wy = (T2 O

Where

y= X % the sample mean of the variable of interest obtained from the second phase sample
%, = Y"1 1L the first phase sample mean of the supplementary variable

=1,

%, =Y 22 the second phase sample mean of the supplementary variable

=17,
Yy =3V, ﬁ, the unknown population mean of the study variable Y
N
X =3V, % the unknown population mean of the supplementary variable X

a*and y are suitably chosen scalars.

Letting

fl = )? (1 + exl)
fz = 7((1 + exZ) I
y =71+ e) )

(6)

(5), can be transformed as;

1+exq+a*+aex, )y

drg = }7(1+ ey)(a*+ a¥exq+1l+exy

(A +a)|1+-2 422

_ 7(1 +e ) (1+a*) (1+a*)
- y . a*ex; exy
(a t 1) [ 1+ (1+a*) + (1+a*)
=V(1+e)A+w)A+v)~Y (7
1 .
Where u= gie,, + gz, , V= g€y, +g1€x, , g1 = e ' 92 = T

Assuming |[v| <1, (1 + v) —Ycan be expanded using Taylor’s approximation as

_ +1
targ = V(1 +e,)(1 +w) (1—yv + y(yz )V2+"')

=}_’(1+ey)[1 +yu+y<y;1)u2+~~”1—yv + y<y;1)vz+-~]

+1 -1

=7{1—yv +y(Y 5 )V2 +yu—y2uv+y(y

)uz + e, —yve, + yuey+...}

Approximating to second order, we get

B 2 4 2 _
targ = Y{l +y(u—v)+<y > y)v2+<Y2—y>u2—y2uv+ey—vey(v—u)}

— 24 2_
= V{1 +V[(g16x, + G2:,)~ (G264, + G )1+ (50) (G260, + 910007 + (5F) (9164, + G261,)? — V2[(9F + gD)es e, +

glgZex12+ ex22+4ey—yeyglexl+glex2—glexl—glexZ2
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=V{1+ v(g1 — g2)ex, + (92— gi)vex, + ( 1) (92%€x,2 + 291026 6x, + 91%€1,2) + ( Y) (9170, + 2919265, x, +
GRex22—y2(g12+g22)exlex2+glglex12+ ex22+ey—ye (92—g1)ex1+(g1—g2)ex2]}

2 2
Y9276xp”

2.2 2 2 2,2 2 2 2
T Y"g92"€xq 29192v°€ex €xy Y“g1"€x;, Yg2~€xq 2Yg192€xq€x;
= Y{1+v((91 — g2)ex, + (92 — g1)vex, + —F—+ > t—t > +

2 2 2 2 2.2 2
2 (20 2 2 2 vig1%ex1? | 2v%g192exiex, | Y292%exy
Y [(91 +g5)ex, ex, + 9192(ef, + ef,) ] te, — (92 —guveyer, —(91 — g2)veyex, + >t 2 t— T
vg1%ex;®  2vgigaexiex, | vg2%exy’
2 2 2

2 2 2 2.2
= V{1 +(g: — g2)ves, + (g2 — 9)ver, + [~V2g100 + Yot et vl yor ] e’ +[~V2a19, + TR TR

Yg122ex 22+ —y2g12+922+g91g92y2+ yglg2+ }/Zgl g2—yglglexlex2+ ey—(g2—gl)yeyexl— @1 —g2)yeyexZ}y

24y Y2y -y

— 2 2
= V{1 +(g1 — g)ves, + (g2 — 90)Vex, + V20102 + 922 (5F) + 902 (50)] en? + [¥2 0192 + 00" (B2) +
G2y 2+y2ex2+ (2 2g1g92—y2(g12+g22)]exlex2+ey+(gl—g2)yeyexl—(gl—g2)yeyexZ}  (8)

— — 2 24 2_
tag =¥ = Tley + (91— 9)Vex, — (91 — G2)vew, + [ ¥ 0192 + 02" (50) + 9% ()] e, + [ V20102 +
GI2y2—y2+ g2y 2+y2ex 22+ 2y 29192 —y 2(g12+g922)]exlex2+g1—g2yeyexl—(g1—g2)yeyexZ} 9)

_ _ 2 2_ ,
B(turg) = E(targ —7) = 7 {022 (52) + 912 (50) ~v2019: | N €2 + (9% (52) + 922 (5Y) 2| A +
(2Y29192 — Y2 (g7 + 93N C2 + (g1 — 92)YX pCyC, — (91 — 92)¥YApCyC,} (10)

The Mean Square error is given as:

—\2 _
MSE(tdrg) = E(td‘rg - Y) = YZE{G}% + z(gl - gz)yeyexl - 2(91 - gZ)Yeyexz - 2(91 - g2)2yzexlex2 + (91 -
G2 2ex12—gl—g22y2ex22

* * * 2 * 2 x. 2
—720acz + 2 (LY weoc, — 2 (22 yocic, — 2 (22 vanez 4 (22N vanez + (221 yaace
v T+a )Y P T+a) Py T+a) VA T+a) VAT ) Vi

* *2
—72lacz — 2 (1) va— vecic, + (2% vz o— vy
y 1+a*Y( )pyx+1+a* Y( )x

{ACZ +2(S2) =N yyec, €, + (S ) 2 — )2 }(11)
To obtain the optimal Mean Square Error, we differentiate (11) with respect toy and set the resulting expression to zero. Thus,

OMSE (tgr,) * at — 1\ -
5 _2(1+ )(x )Gy Cy +2<1+ ) YO =2)C2 =0

*

a
> prCx + <

C2 =0
1+a*)Y X

(92 — g1y =—ky = =g (1 o (12)

Putting (12) into (11) gives the optimum MSE as:
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= ) a—1\/1+a" , a*—121+a*22 '\ o
MSEo Carg) = 72126 +2(100) (1= ) 4 - k066 + (750) (=) wa-ne
= V2{AC2 +2(A — A)pC,C, k+ k(A — A)CZ}
— ' ’ = ’ 2 ’ 2
= 72{1C2 —2(0 = )pC, Gk + K2 —A)C2) = YZ{Ac§ —2(0=2)p2C, % + (L= )p2C, }

=72C2{A — (A —1)p?}(13)

Remark 1

(13), is similar to the variance of the regression estimator of population mean in double sampling. Therefore, Optimal Mean
Square Error (OMSE) of the suggested generalized efficient family of ratio estimator of population mean has the same efficiency
as the classical regression estimator in double sampling.

Table 2: Some members of the generalized efficient family of the ratio estimator (case I)

S5/ Estimators o W
) targy = » sample hMean a 0
2 targs = _F{:—'] Sulkhatme (1962 1
3 — g o 2
tdrga =¥ I:?: }_
4 _ I'?' u] 1
targs = ¥ |5 =
= ] 0
5 — (=
tdrgs = ¥ {_T::] k
1 1 — 1
p L l—2k 8T 1-2k 1
- Xy C 1 + Ek:}x: 1+ 2k 2
tm"gﬁn- = ¥ 1— 2k _ —
(TF2p)* + %=
=T 1 i
2

-  (Fme3E
targm = ¥\ 1,
TI; -+ Xz

Table 3: Some members of the generalized family of the ratio estimator with bias (case I)

S Estimators Bias
1. tdrgl = . Sample Mean TUnbiazed
2. targs = ¥ (=), Sukhatme Fl—a'ci + (4 — pCyC, ]
(1962) ~
3. targs = ¥ (2)? V(=34 + A)CF + 2(4" — )pCyCy]
4 — V[— =(34° + €2 + L —pc.C
tdr‘gn:jr\l[i__i} [ a( + ) x +:[ }PC} x]
T targs-F(EIN P(ICk — DA — (k + DATECE + (' — kpCyCy}
tdryﬁ
12 H 7 —k(2k—1].l’+k(k—l]>\c,_,+r IV hoC.C
& (Il + m—.Ej - { g = X [ } Phoyr iy
=\ 71— 2k _ _
TzE)% + &
7 L sk V{[(k—1)A+ (k- 1)4] %CE + (A" — A kpCyCy ¥
- .e-,+Iz¢)
fdr_g'? 3 (%‘fl"'x
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Table 4: Some members of the generalized efficient family of the ratio estimator with MSEs (case 1)

S Estimators MSEs
1. targl = ¥. Sample hean I o C_;—:
2. fargz = ¥ (22 ). Sukhatme (1962) FPLACE + (2 — A" WCE — 2pC,C, 1]
3. tm-_g;:}_'(i—_:}g FEACE + 401 — A(CF —pCyCi ]
—. . cZ
4 targs = FJ'[A;_L} FAlACE + (A — A —pCyCy) ]
%2
3 Cdrgs m JT(% y* FALACH + k(A — AW(kCE — 2pCyCy )]
N 1
= 1— 2k _ 22 =a - . "
6 NE = e FEACH + k(A — AkcE — 2pCyCy 1]
Targs =¥ ri—zky - .
-\.(].1'2".’ 1+ Ez2)
. 3k
= B+ T
5 targy = F (’;f'- . _ﬂ)

FPAACT + k(A — A 0(kCi — 2pCyCy 1]

Remark 2:

It should be noted that the optimal value of 'a’ can also be obtained from (12) by making 'a’ the subject of the formula. Thus

at == (14)

Case II

Supposing that the second sample of size n, was drawn independently of the preliminary one, then the suggested estimator
would still be same, but the bias and MSE in this case would differ from that of Case I. The bias and MSE in this case were
derived by setting

E(ey,ex,) = E(eyeXZ) =0 (15)

Thus for case II of the suggested generalized efficient family of ratio estimator, the bias and mean square error were obtained
and presented as follows:

2

Bz (targ) = 7{[922 (YZ%) +g,° (VZT_Y) - Y291gz] ACE+ [912 (YZT_Y) + g,° (%) - Y29192] ACE - (g1 - gz)W\prCx}
By(t )=

Y {[(131)2 (Yz%) + (1+1a,)2 (YZT_V) - (1:1)2 yz] X C’% + [(1+1a)2 (YZT_Y) + (11(21)2 (y22+v) - (1fa)2 YZ] )‘C’% - (;_Z) yAprCX} (16)

And the mean square error as:
MSEZ (tdrg)

= Y2{AC2 — 2(g; — 92)MvpCyC, + (g1 — 92)°V?N C2 + (91 — 92)*Y*ACE}
= V2{ACZ - 2(g; — g)AypC,Cx + (g1 — 92)*Y* (A +1)C2}

_ 2 2 1-a 1-a\? Yo
=72 {ac2 -2 (59 apc,c, + (55) v+ ez} an)

To get the optimum MSE, (16) is differentiated partially and the emergent expression is set to zero. Thus:

OMSE, (t,, ,
P os) — 291 - WG, + 210G — 92?4 )GE =0

=-ApCyCy +Y(g1 — g2) A +2)CE = 0
= —AkCZ +vy(g; —g2)A+A)CZ =0
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= -k +v(g1 —g2)A+1) =0
Ak Ak Ak(1+a®)
y = ! = 1—a* R = * ’ (18)
(G =90+0) ~ (EDqpy)  A-a)@+D
a

Putting (17) into equation (16) gives;

2Ak(g1 — 92) (91 — 92)* (A + 1) (Ak)? 2}
g0+ 1) PO T T T e &

MSE;,. (targ) = 7° {AC§ -

_ 2502 lepzc}% AszC}%
Yo a+2)  (+2A)
o, ApPCE
= Y /1Cy —m
_ A2
— 7202 _ 2
=Y Cy{/l (7\+X)p}
= ¥2C2 {4 —wp?} (19)
Where
_ A
W= A+1)

Few members of this estimator in case Il are similar to those of case I, unless at optimal level where the values of 'a*" and y
differs considerably. Table 5 shows some members of the estimator in Case II.

Table 5: Some members of the generalized efficient family of the ratio estimator (case I1)

S Estimators a” ¥
W sample MMean Lo
1
2 (21 ). Sukhatme (1962) o 1
3 _ (= o L
» \.I E E
4 (4 ) o Ak
— = A+M
7 () PR
5 _ 1_ ax 1 3k
_f X 2z
i
3+ Az
s T2 0 5
b Ak
1 Nk, E 34k
7 x + 52 2 A4
»
I + az

Table 6: Some members of the generalized efficient family of the ratio estimator with bias (case I1)

5/ Estimators Bias
1. targl = V. Sample hean TUnbiazed
2 targs = 7 ( =~ ). Sukhatme (1962) F (—ApCyC, )
2
3 — f Fr— ez X
targs = ¥ \I(f‘__-‘)= Pl— ;834 + A4')C; s APCyCi]
4 Ak e e I O B T AZg
farga= ¥ (5= ) AeE, PlE——Saan 168 — ganPCyCx
- s A ?[;i[(k — LA + AY]ICE — AkpC,Cy)
3 targs =¥ |\ 75, 3 H vCae
— = [k k o
— . X Y[—(k—l)ﬂ"+—k—l}l]€* — AkpC,C.
targe = F (22 e Sk — Da| ¢ PCyCx}
6 - ik
L1z A=A .
_ f Pt X = [AR(AR—A-1"Y] .2 ATkpCyly
7 targy = ¥ (1 _) L ZiA+AT €z — A+AT) ¥
I xy + Xz
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Table 7: Some members of the generalized efficient family of the ratio estimator with MSEs (case 1)

SN Estimators MSEs
1. targy = ¥. Sample Mean ¥ EACE
2. targz = ¥ (A2 ) .Sukhatme (1962) V3ACH + (A + A0CE — 24pCyCy ]
3 _ = T2 2, (A=) ae

targs = ¥ \Ill[ﬁ} F2ACH + 5= CF — Gy ]
4 _ Ak = a AERE(A+A") a Ak

targa= ¥ (i—:] A+dT, Fo[ACy + [A+ATI2 Cs _21,14-.1*.'}':!’{:-“]
B _ (= in 3k FRIAC] + (A + A0k*CF — 2AkpC,C, ]

fdrgs =¥ %‘fl"'f't

targs = ¥ (22 )F FEACE + (A + 2067 — 2AkpCyCy ]
P e

AR
7 % + 15, \FA0 = AE2(A+a") Ak
1 H H 2 - - 2 A
t'|1r_|_-.-'.' =7 172 ¥ ['J'CJ' + [A+ir)2 = _2[,.1....1J.PC}'C-“]
5 &+ %

2.4 Theoretical underpinnings

Bias, Relative Bias and Mean Square Errors of t4.,

If t44 is the generalized efficient family of ratio estimator of the population mean Yunder Double Sampling Techniques,
then the biases, relative biases, and MSEs is given as:

(a) Bias
B(tag ) = [E(turg )= 7] (20)

(b) Relative Biases

RB(tay, ) = e )7 1)
(c) MSEs

MSE(targ ) = E[(targ )~ 7]°  (22)
(d) Relative Efficiency RE

Let MSE(tdrg )opt be the MSE of the generalized efficient family of ratio estimator of the population mean ¥ and MSE (¥4, ) ot
be the MSE of the classical ratio estimator under optimal condition, then MSE (t,,, )opt is said to be more efficient than

MSE(ydr)opt ’ If-

MSE (targ )

I Jopt 1

1) FEFS M 1or — oo >1 (23)
MSEGar )

(@) MSEGar)opt = MSE(targ ), >0 (24)

(e) Percentage Relative Efficiency PRE
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MSE (t4rg )opt is said to be more efficient than MSE (¥4, )op: , in terms of PRE, if;

MSE (targ )
— 7t %100 < 100 or —————
MSE @ gr opt MSE (tdrg )opt

VS EGa Tope

x100 > 100 (25)

Remarks 3:

(i) An estimator is said to be more efficient over its competitor’s estimators if the estimator in question is the dominant
estimator or one with the minor Mean Square Error.

(i) An estimator is said to be Percentage Relative Efficient in relation to its brethren or existing estimators of same group if the
estimator is the one with the smallest PRE or the largest PRE vice versa.

2.5 Comparison in terms of efficiency

The AOE is uniformly better than any other ratio estimator in double sampling, whose efficiency is not equal to or greater
than the classical regression estimator. For other members of the suggested generalized efficient family, a member say ¢4, is

better than tg,.¢; iff;

MSE (tdrgi) <MSE (tdrgj ) (26)
> 72)ac? +2(ai_1) A= 2)pCyC +(a"_1)2 2(0—X)C2
y a; +1 Yi( )p Yy ~X a; +1 Vi X

aj—l
aj+1
a—1 a —1 a; — 1\ a —1\°
el (] o - (5
[ai+1Y' a+1 Y a+1) a+1 Yi

= 2[myy; — myyj] + [mfy? —miy? ] <0

aj—l
a]-+1

2
<7’ {AC§ + 2( )Yj(l—l')prCx +( ) VJZO\—X)CE}

<0

= 2[myy; — myy;] + [(myvs + myyy) (mevs — myy;)]
= (myy; — ijj)(z +m;y; + myy;) <0 (27)

ai—l u-j_1
, om =
a;+1 T a4t

m;
(27) implies that either
myi — m;Y; <0 and 2+ my; + my; >0
or myy; — myy; >0 and 2 +m;y; + m;y; <0
m, Y1~ Y and 2 < =(myy; + ;) )
L

When (28) holds, then ¢t,,4; is more efficient than tg,.

3. Numerical Application

To establish the truthfulness or accuracy of the theoretical underpinnings of the study, Four (4) natural populations were employed
from secondary sources. The populations alongside their sources and the MSE of some existing ratio estimators are as presented in
table 8 and table 9 respectively.
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Table 8: Populations and their parameters
PopulationSources] N n; N ¥ X Cy Cy P
I [Cingi (20077] gz23 400 200 4363 114405 1.72 1.86 0955
I [Musthy (196773] g0 0 10 58164 1iJede 035426 073067 094713
I [Kardilar & Cingi (2008]] iog 40 20 2337 1393 866 f633 0.865
IV [Handigue (2012)] 2500 200 25 4.63 21.09 085 088 org
Table 9: Mean square errors of some existing ratio estimators in two phase sampling
1
Estimators Fopulations
I Ir Ir IV
¥, Sample mean 2,106 30 204 954 05 J35,004.70 [
Sukhatme (1962) P34 83 fO7, 372 37 20 557 12 0.383
Singh & Vishwakarma (2007) 113396 P8, 876.96 33,607.08 0.395
Classical Regression QI2 27 35, 736.20 29 542 37 0 344

3.1 Empirical Results

Table 10: Biases and relative bias of some members of the generalized efficient family of ratio estimators (Case I)

EBstimators _F;opufmf:gm
I Ir I I

tirgl o) o g (0 g

targz S AL5-0.0025) -I4F27F-0.028)  -68.028(-0.108) -0 3R 0.0301)

targs -QLLES-0.00107) FR26970.0141) -J0.044¢0.044) 0.0632(0.0136)

targa -3 194 0.00732) Q7 BEF-0.0088) 3P 35400628 -0.00892¢-0.019)
targs ~F003F0 PidE) -89 46600772 -G6. 22000 F07) -0 208002610}
targs -3 425¢-0.0078) -68.605(-0.0134) 4458600712} -0.J0817-0.0253)
targs 1 44600.0033) -I2.068-0.0023) 24.533770.0392) -0 025600047}

The relative bias are enclosed in braces.

Table 11: MSE of some members of the generalized efficient family of estimators (Case I)

Estimeators Populations
I Ir nr v
Edrga 2,196,320 2049541 3505470 0766
Edrga 03453 40757257 20535702 0385
tdrga 2,966.04 2,539, 28315 SFT.FF0L00 F441
Edrga 4,153,903 98, 876.96 35.607.08 0.395
tdrgs 9i227 8935, 736.20 28 542 31 0344
targs QI2.27 895,736.20 28 542 31 0344
targs QI2.27 895,736.20 28 542 31 0344

Table 12: Bias and relative bias of some members of the generalized efficient family of ratio estimator (Case 1)

Estimators FPopulations
I Ir Iir v

targl o (Gl @ ra) a a o

targz -3 I9E-0.0519) ~FI3SIG-0.020) -67. 4090 1079) -0 I35~ 0.029)
targs SSOFI9C-0.0ie)y -JE0SFECO.03]) -62.881-0.1003) -0 f360(-0.0291)
targs -3 3FE0.007T) -1 JE6-0.0079) L7 689-0.0762) -0.0925¢-0.07939)
targs ~3.0059¢- 00115y -BQ467-0.0172) 669190 71070) -0 F208-0.0261)
targs -0 L234-0.0008) -FLR.0328-0.007) -1 I8 00012 -0.0399-0.0056)
targs 3 3ITEO.007T) 0. 312¢0.0077) L7 E27(0.07610) 0.0924¢0.0192)
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Table 13: MSE of some members of the generalized efficient family of ratio estimators (Case I1)

Estimegors Paopulations
I Ir prey I
Laraa 2,094 30 294 934 0F 3505470 el %]
Largz L 15029 JAT i3 14 30 331 56 0427
Largz 00 703 Ti6 436 69 27 TE6 1T 03658
Larga 2233 83 504 54 2527152 0.337
Largs QI2a27 Q35 72974 29 543 58 0343
Largea QI3 27 Q3 72074 29 343 58 0343
Largr 2233 53 504 54 2527182 0.337

Table 14: RE and PRE of some members of the generalized efficient family of ratio estimators (Case I)

Estimators FPopulations
I " i '
¥ Sample mean g, Icre0) Iciog) Irog) Li0ag)
Sukhatme (1962) 0.3254¢33) 0.3352¢33) 0.6472¢65) D.3156(52)
Singh & Vishwakarma (2007}  0.4256/43) I 3878¢138) 0.5272¢33)  0Q.3000(50)
Classical Regression 0.4153¢42) 0.3245¢32) OQ.FIFOG4) 04477 (44
targz 0.5273(53) 2.5682(236) 0.5313¢33) Q.35374(56)
tirgs 0. 3645736) 0.3947(35) O F047¢30) 04817 (48)
targa’ 0.3288¢33) 02841 (28) O.4382¢46)  0.4390(44)
targs 0.4153¢42) 0.3245¢32) O.F3IT054) 04477 (44
targe 0. 4153¢42) 0.3245(32) O.5370¢34)  D.4477(44)
targy 0. 4153¢42) 0.3245(32) O F3IT054)  0.4477(44)

PRE are the values enclosed in braces

Table 15: RE and PRE of some members of the generalized efficient family of ratio estimators (Case 11)

Estimaiors FPopulations
I " ol e
¥ Sample mean f4,4, Jela) Ieroo) froag) L{Foa)
Sulchatme (1962) Q.3254¢53) d3352¢53) Q64720650 0.5156(32)
Singh & Vishwakarma (2007) 0.4256(435) I 38I8(IZE) Q.3272(33) 0. 5000730
Classical Fegression O L1534} 0. 3245(32) Q5370540 0. 447744)
tdargz Q.5273¢53) 2.5682¢256) O.5513(35) D.3374(36)
targs 3. 3645736) 03247 30) 05047300 0. 4EIT48)
targa” 0. 3288¢33) 0.2841¢28) Q. 458246) 0.4399¢44)
targs O L1534} 0. 3245(32) Q5370540 0. 447744)
tdrgs O ETF342) 03245752} Q. 5370¢534) 0. LL7Tdd)
tdrgr 0. 3288¢33) 02841 ¢28) Q438246 0. 4477¢45)

PRE are the values enclosed in braces
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Figure 1: PRE of the estimators Case |
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Figure 2: PRE of the estimators Case Il

3.2 Discussion of Result

In this study, a generalized efficient family of ratio
estimator for population mean based on a single
supplementary variable, under double sampling techniques
was suggested and presented in (5). Some members of the
suggested estimator were obtained by varying the scalars
a*and y which helped in designing the estimator. The
properties of members of the estimator such as bias and MSE
were then derived and presented alongside its members in
tables 2, 3 and 4, for case | and tables 5, 6, and 7 for case 1l of
the double sampling techniques, from where it was found that
the suggested estimator produced some of the existing ratio
estimators such as the sample mean ¥y , the Sukhatme (1962)
classical ratio estimator, Singh & Vishwakarma (2007), which
were presented in table 1.

The biases and MSEs of the members of the generalized
efficient family of ratio estimator were inferred from the
derived bias and MSE of the mother or generator estimator
which were shown in (10), (16) for biases and (11), (17) for
MSEs, case | and case Il respectively. Optimality condition
was established and Optimal Mean Square Errors were
derived for both cases 1 and Il and presented in (13) and (19)
respectively.

Theoretical underpinnings bordering on efficiency,
Relative Efficiency (RE) and Percentage Relative Efficiency
(PRE)of estimator and conditions for which the estimator
would be uniformly better than its competitor’s estimators
were formulated and shown in (23), (24), and (25)
correspondingly. In order to establish the truthfulness or
accuracy of the theoretical underpinnings of the study, Four
(4) populations’ data sets were employed from secondary
sources. The populations alongside their sources and the

© 2023-2017 IRJIET All Rights Reserved

www.irjiet.com

MSEs of some existing ratio estimators is presented in table 8
and 9 respectively.

The biases and MSEs were then computed and presented
in table 10, 11 for case | and table 12, 13 for case II. It was
observed from table 11 that MSEs of the members of the
estimatorsty,g1, targz,  targs and tggsin case | were in
tandem with the simple random sample mean, Sukhatme
(1962), Singh and Vishwarkama (2007), and the classical
regression estimator in double sampling. However estimators
tirgs itarg7 In case Il performed uniformly better than
targ1 s targ2, targstargs and the classical regression estimator
in double sampling and were therefore said to be dominant
estimators or ones with the minor Mean Square Errors.

targs targ7 1N case Il also produced smaller PREs in
relation to its brethren or estimators of same group. This
generalization can be envisaged in table 14, table 15 and
Figures 1, 2, for cases 1, Il respectively.

4. Conclusion

A generalized efficient family of ratio estimator for
population mean based on a single supplementary variable,
under double sampling techniques was suggested, theoretical
underpinnings bordering  efficiency of the estimator in
guestion was formulated and validated in entirety. The
estimator showed significant gain in efficiency and superiority
over its brethren at optimal condition. This gain in efficiency
is more significant when the second sample of size n, was
drawn independently of the preliminary one. Therefore, sub-
sampling independent of the first phase sample is
recommended for higher efficiency.
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