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Abstract - In Finsler geometry, there are two types of Cartan’s covariant derivatives that are called v —covariant
derivative and h —covariant derivative. In this paper, we deal with both derivatives simultaneously and introduce a
C"™ —mixed trirecurrent space. Furthermore, we study special spaces, such as P2 — Like space and P* — space in the main
space.
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I. Introduction and Preliminaries

Understanding the relationship between Cartan’s covariant derivatives and curvature tensors is essential for the study of special
Finsler spaces, such as recurrent, symmetric, and generalized curvature-restricted spaces. In particular, many geometric conditions
and classification results in Finsler geometry are formulated in terms of the behavior of curvature tensors under h — and
v —covariant differentiation.

The concept of C* —recurrent space and C —birecurrent space are introduced by Matsumoto, Mishra and Lodhi [11, 12]. Al-
Qashbari et al. [3, 4] discussed the generalized birecurrent Finsler space of mixed covariant derivatives in Cartan sense and
generalized trirecurrent Finsler space under Cartantype mixed covariant derivatives. Additionally, the properties of C"” —mixed
birecurrent Finsler spaces within the Cartan sense have been studied by Al- Qashbari et al.[2].

The P2 — Like —space and P* —space in generalized recurrent Finsler spaces of order one, two, three have been studied by [1, 6,
9]. The vectors y; and y‘ defined by

(1Y) Ay =gy (x,y)y’and b) 6] Vi = 9ij
The metric tensor g;; and its associative gY are connected by [5, 10]

ik _ gk _
(12) g;9" =¢6"= {0 if k.

In view of (1.1) and (1.2), we have
(13) @&y, =y.b) 8y =y'.08gy =gy, d)& g* = g*,
&)y, ¥y =F?, f) §; = nand g)éjyi=6ji-

The (h)hv —torsion tensor which is positively homogeneous of degree —1 in y?and symmetric in all its indices introduced and
defined by [11]

1 . 1 . . .
(LAC i = 50; gje = 70: 0; O F%.
And satisfies
(1.5) @) Cy yi= Crij yi= Ciki y' =0,b) C}‘?cgih = Cyjx ,» C) C}};cyj =0= C}"/’c}’k

d) Gig™* =C"e) Cye g =C N C =G, 9) (0.G) y* ==,
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h)Ciy'=0and i) Cy g’ = C}]ff ;

where Cj’}{ is (v)hv — torsion tensor.
Cartan [7] deduced the covariant derivatives of an arbitrary vector field X? with respect to x* which given by
(1.6) X'|,=0dX + X" Ck
and
A7) X =0 X' = (0, X) G} + X' T,
where the function I’} is defined by I';ji =T, — CL, I'J" ys.

X, and Xlik are v —covariant derivative and 4 —covariant derivative of the vector field X!. Therefore, v —covariant derivative
and # —covariant derivative of the vectors y' , y; and metric tensors gijand its associative gY are satisfied [10]

(18) a)gy|, =0 b gy=0, 0)g’|, =0, dgj=0,
Oy =0, Dy, =68, yu=0and h)yl =g

The curvature tensor ]-3(,, is positively homogeneous of degree zero in y'and the tensors }-l}ch, associative tensor P, and curvature
vector P, satisfies

(1.9) @) Py’ = Ty’ = Piy = ChprY" D) Pycn = girPiens ©) Pla = Pie
d) Pli= P, € Plge = Pusand ) (8,T))y =Pl = (3T,)y/.
The tensor jik ; called Cartan's first curvature tensorthat defined by
(1.10) kah = lecrc}rh —Chy k-

The associate curvature tensor Sy, , Ricci tensor Sy, deviation tensor Sji and curvature scalar S of the curvature tensor Sj‘)( , are
given by
(1.11) @) Spkn = giijL}ch, b) ‘S}lkL =Sk, © Sj-i = 5}'k9ik and d) Sy gk=5.

Since the (h)hv — torsion tensor j’)( defined by [2]

(112) Gy = 4G + w( 8y — 8w, Gi #0,
where A; and y; are non -zero recurrent covariant vectors field.
Transvecting (1.12) by g, ,using (1.5b), (1.3c) and (1.8b), we get
(113) Gy = MG + i (Grnyy — GjnYic)-
Now, taking 2 — covariant derivative for (1.12), with respect to x™, we get
Cj§c|1|m = Al|mcﬁc + Alcjl)c im + tm 8y — @i)’k)-
Using the condition (1.12) in the above equation, we get

Chettm = Am G + 1A Gl + 1 (B, — 8/ vi)] + tum (853 — 8310
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Or
(1.18) Ciypm = emCi + fin (8, — &'y, Gie # 0

where |I|m denoted the # —covariant differentiation of second order, where e;,, = 4, + 4,4, and fi,,, = 4,14, + 1y, are non -
zero covariant tensors field of second order .

Remark 1.1.A Finsler space E, which (h)hv — torsion tensor Cjﬁ{ satisfies the condition (1.14) called a C" —generalized
birecurrentFinsler space of second order and denoted it by C" — GBRE, .

Transvecting the condition (1.14) by g, ,using (1.5b),(1.3c) and (1.8b), we get
(1.15)  Gukjipm = em Gk + fau (Grnyy — GinYic)-
Contracting the indices i and k in the condition (1.14), using (1.5c¢), (1.3a) and (1.3f), we get
(1.16)  Gum = emG + fru(n—1)y; .
Transvecting the condition (1.14) by g/*, using (1.5d),(1.3b) and (1.8d),we get
(117)  Clym = emC".
AL- Qashbari et al. [2] introduced the C* —mixed birecurrence Finsler space, i.e. characterized by the condition
(1.18) C}§c|l|m = Gl + b (81Y; = 8'yic) + (8 Gjm — 8 Giem)- G # 0,

where |l denote the 4 —covariant differentiation and|m denote the v — covariant differentiation, where a;,, = /1[|m + Aa,
andb,,,, = H1|m @re non— zero covariant tensorsfield of second order and y; is non—zero covariant vector field of first order.

Also, the (h)hv — torsion tensor C ., in the same space of condition (1.18) given by [2]

(119 Gppim = m G + bim (9ny; — giyie) + 1 (Gengim — 9inGim)-
I1. On C" — Mixed Trirecurrent space

Misra and Lodhi defined the CV — recurrent Finsler space by the condition

(2.1) j§(|n =2,Ch. Ci#0

Now, taking v — covariant derivative for (1.14) with respect to x™, we get
leklllm|n = €m |nqlk + elmC}Lk |n +flm |n(6;‘yJ - 5;}1;() +flm(6]i‘yj - (S}iyk) [n'
Using the equation (2.1), (1.8h) in the above equation, we get

(2.2) C!

]k|l|m|n = Cimn C}lk + dlmn (6llcy] - 5]'iyk) +flm(6licgjn - é}'igkn)’

where |[|m denoted the h — covariant differentiation of second order and |n denote the v — covariant differentiation of first
order,where c¢;,, = e, In T emAn and dynn = f,, | ,are non -zero covariant tensors field of third order and b, is non -zero

covariant tensor field of second order.

Definition 2.1: The space which the (h)hv —torsion tensor jl}( satisfies the condition (2.2) will be called a

C"" — mixed trirecurrent Finsler space and denoted it by C"” — (M)TRE, and the tensor is called hv — mixed trirecurrent
tensor and denoted it by hv — (M)TR.
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Transvecting the condition (2.2) by g;;, and using (1.5b), (1.3c), (1.8a) and (1.8b), we get

23) Coppppm|n = Cmn Gnie + dimn (9knY; = 9inyic) + fim (GknGim — GinGin)-
Contracting the indies i and k in the condition (2.2), using (1.5f),(1.3a) and (1.3c,f), we get
24 Cpmln = Cmn G + din (0= D)y; + firn(n = 1) gjn.
Transvecting the condition (2.2) by g/* and using (1.5d), (1.3d),(1.3b) and (1.8¢,d), we get
(2.5) Cf”m In = Clmn C°
Corollary 2.1: In C" — (M)TRE, the tensors Gnk» G, C' are non- vanishing.

The Cartan’s first curvature tensor Sjﬁm satisfies the equation (1.10). Taking twice of h-covariant derivative and once of
v —covariant derivative for (1.10) with respect to x!, x™ and x" respectively, we get,

; . ) )
(26) Sjkhlllm|n - (le’,rcﬁl - C;hc};.()|l|m|n ! ‘S}lkh # 0.
Or
i _ i r i r i r i r
Sjkh|l|m|n - Ckr|l|m|anh + Ckrlllmcjhln + Ckr|l|anh|m + Ckr|m|anh|l

i T i r i r i r _ i T
+Ckr|anh|l|m + Ckrlmcjhuln + Ckrllcjh|m|n + Cerjh|1|m|n rhilim |n Tk

_ri T _ i " _ i T _ i T _ri r
Crnttim G | ™ Conpa | n Gkim = Conpm [ Gklt — Con G tim = Crnpm G

—CuiC,

_ri
jipm |n ~ CrnG

.
jk |llm |n'
Using the condition (2.2) and (1.10) in the above equation, we get

(2.7) S}

jlkh|l|m [n = Cimn S}Ikh + 2dlmn C}'ih)/k + blm (Zc}ihgkn - sliq'hn - 6}11CJkn)

i r i r i r i r i i r
[Chrtm G n * Corpt|n Ghim + Copm | 2GR T Co [ Gritim + Cierim + Cier G [

_ri T _ i T _ i T _ri r _ri r
it |2 Gkim = Coppm |0 Gkit = G Gettim = Crnm G ) = Crnit G [

This show that

(2.8) S!

jlkh|l|m [n = Cimn S}lkh + 2dlmn C}'ihyk + blm (Zc}ihgkn - Slic}hn - S;LC}kn)

if and only if

i r i i i i r
(29) [Ck7”|l|m jh|n + Ckr|l|n(‘7;l|m + Ckr|m|nc}rh|l + Ckr|nc}7;l|l|m + Cli7'|mc}h|l|n

—-Cch, Cr

i r i i
+Cier i C, C C rhim k1| n

_ T _ T _ i T
]h|m|n Th|l|nc}k|m rh|m|nc}k|l Crh|nc}k|l|m

= GG pm ] =0
Transvecting (2.7) by g;, , using(1.11a), (1.5b), (1.3c) and (1.8a,b),we get

(2'10)51'pkh|l|m |n = Cimn Sjpkh + 2dlmn C}'ph + blm (Zc}ph.gkn — Ykp C}'hn - ghpq'kn)
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if and only if
(211) [Chrpim Gy Cortn Grim + Corpn [ Gt  Co 1 Gritim + Chrim Gy
+ Clirll(‘;mm [n — CrihulnC/’Tklm - Crih|m |nc}7‘7|l - Crih|nc}7‘|l|m - Crthij;|z|n
_Crih|l ]k|m|n]glp =
Contracting the indices i and h in (2.7), using (1.11b), (1.5f), (1.5b) and (1.3f), we get
(2.12) Sy jym|n = Cmn Sk + 2dimn G + iy (2G gin — 1 +1)Cyn ) + [c,frlllmcj; In
+C r|l|n Jplm + C;fm [n lel + C rln nglllm + CIlemC;';|l|n + Ckpr|le|m|n
_Cr|l|nc}2|m - Cr|m|nc}7f|l - Crlnqclllm CTIka|l|n CT|le|m| ]

This show that

(213) Sy ppm|n = Comn Sk + 2in G + by (26 Gin — (1 + 1) Gt )
if and only if
214) CorumG, jp In C/frll| o + G m|n G+ G, r|n G tim + C’frlmc};ll'"
+C’€T|lc}p|m|n = Gt Gierm = Crpm [ Glent = Crlncﬁclllm - Cr|mc}71;|[|n
_Crllcjmmln =0

Theorem 2.1: In C" — (M)TRE, , the Cartan’s first curvature tensor ,-L}ch , associate tensor S, and S —Ricci tensor S, of
curvature tensor S]-ikh are given by the equations (2.8), (2.10), and (2.13) if and only if the equations (2.9), (2.11) and (2.14) hold.

Transvecting (2.12) by g, using (1.11c), (1.2), (1.5d) and (1.8c,d), we get

(215 Sjimm [n = Cimn *S}'i + 2dlmn C}gik + blm (26}6111 - (1 + n)qln)

if and only if
216) 9" {Chm Gy 10+ Corp ) Goim * Corpn |Gt + Ce 1o Gottim + Clrm G 1
+C£T|ZC}':J|m|n - Cr|z|nCJ'7cIm - Cr|m|nc}7cll - Crlncjyclllm - Crlmcjzmn
~Cr1 G|} = -

Transvecting (2.12) by g/*, using (1.11d), (1.5d,e), (1.2) and (1.8c,d), we get

(217) Sy in = ComnS + 2y C¥ + (1 = )by G,
If and only if
(218) g™ {CL1m Gy [ T ot Gt + Copp |Gt + o [ G ttim + Cirpm Gt
+ler|l%lmln = Co)nGeim = Crpm |Gt = Con Giettim = Crlmcﬁdzln
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r —
_Cr|lc;'k |m |n} =0

Theorem 2.2: In C"* — (M)TRE, , the deviation tensor Sji and curvature scalar S of curvature tensor Sjﬁ{h are non- vanishing if
and only if (2.16) and (2.18) hold.

I11. P2 — Like -C"™ —Mixed Trirecurrent Space

AP2 — Like space is characterized by [8]
(1) Bip =0;Ciy — O Cyn
where @; and @' are nonzero covariant and contravariant verbs field, respectively.

Definition 3.1: The C" — (M)TRF,which has the property ofP2 —Like space [satisfies the condition (3.1)] called
P2 —Like—C"* — (M)TRE, .

Let us consider a P2 —Like—C"" — (M)TRE, .Now, taking h —covariant derivative for (3.1) second times with respect to x!, x™,
successively, we get

(3.2) Pj§ch|l|m = @ jum Cin + Bj1 C}imm + Bjim Clih|l + 0, Clih|l|m_®il|m Gikn

~ &% Cienpm=Pm Cikent — D' Circnjiym-
Also, taking the v — covariant derivative for (3.2) with respect to x™, we get
(33) P]';ch|l|m|n = @ 1tpm [n Cien. + Bjjtjm Clih|n 9 Clnpm + D im | n Cint

i i i i _ i :
+0; Ckh|m|n + Bjm Ckh|l|n + Qj |n Cenpym + 9; Ckh|l|m|n o|l|m|n G
i i i i i
“Pitim Cicnln ~ Pyipn Gkntm = P Gienit = it G [0~ Pim Cieni|n
_ot : —
91, Gintim = 9 Cipppm | n -

Using the conditions (1.12),(1.13), (1.14),(1.15),(1.18),(1.19),(2.1),(2.2) and (2.3), we get

(3.4) P! 0.

jkhllm|n = Pilm|n Cien + 5 m [An Cin]

+0, 0 [Am Chn + 1 83k = 8Ev)] + @, 1[40 Chn + 1 (Shyie = i)
+®j|l[amn Cin + by (&b’k - 51i)’h) + U (&igkn - 5licghn)]
+0jim [an Cin + bin (8hyi — 6ivn) + (85 Gin — 65 9nn)]
+8; |y [@im Cen + bim (859% — 85vn)] + 85 [ Ctmn Cin + dimn (8536 = Svn)
+bym (8hGin — 81gnn)] — Q)f”m In Gen — Biim [AnCikn] — ®;l|n[/1mq'kh
Fim (Griy; — i Yn)l — ®fm|n[llcjkh + 1 CIneyy — GjkYn)l
— Ol [@mn Cien + b (Griy; — G ¥n) + 11(GneGin — Gk Gnn)|

- ®|im las, Gkn + bin (ghkyj = Gjk Vi) + 1y (ghkgjn — Jjk Ghn)]
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_®i|n[alm Cicn + bim (gniy; — g yn)]

0 [Clmn Gikn + +dimn (ghkyj —Jjk yh) + b (ghkgjn — Jjk ghn)] .
Using the condition (3.1) in the condition (3.4), we get

(35) P!

Theh|tjm |n = Cmn Pich + dimn ©; (843 — Siyn)

if and only if
(36) By n Chn + B m [ Cin |49, [Am Cin + o (S5 3k — Svn)]
+8; 1 [ A Cln + 11 (8hyi = Skvn)]
+0; 1 [@mn Cin + Do (853 — 8kYn) + b (81 Gkn — 61 Gnn) ]
+0jim [an Cin + bin (kv — 8ivn) + w(8hGin — 65 9nn)]
+0 |n[alm Chn + bim (8Lvic — 8£Y0)] + B; [ Cmn Chn + dimn (8hyi — Si91)
+by (84 Gin — 1gnn)] — Qf”m In Gikn — Blijm [AnCikcn] — Q)il|n[/1mC}kh
i (Griy; — jreYn)l — ®fm|n[/11€jkh + 1w CGnedy — Gik V)l
— Ol [@mn Cien + o (Griy; — Gk ¥n) + i (GnkGjn — Gj Gnn) ]
- (Dfm [aln Gikn + b, (ghkyj - gjkyh) + (ghkgjn = Jjk ghn)]
_®i|n[alm Cikn + bim (gny; — i yn)] — D' [Cimn G
+dimn (GneY; — Gk V) + bun (GneGjm — G G )1 = 0.
Transvecting (3.4) by g;,, using (1.9b),(1.3c), (1.5b),(1.8a) and (1.8b), we get
BT Porknppm|n = Comn Brien + Qimn @5 (Grr Yie = Gier Vi)
if and only if
(38)  Gir (@B ypm [An Cin ]+, 1 [Am Cin + tm (h3 — Sivn)]
‘HDJ- Im |n[ll Cin + #1(5;'1)’1( - 6Iiyh)]+®j|l[amn Cin + by (Sﬁyk - 51i)’h)
+ i (81910 — 6k Gnn )] + Djm (a1 Cin + bun (8hvi — Sk vn)
+14(81.Gkn = 65 Gnn )] + B, | [@im Cln + bim (85 ve = k)]
+0; [ b (87910 — SiGnn)] — Q)i”m In Gikn — Dfi1m [2n Ciicn]
_®f,|n[AmC}'kh + b (GreYy — Gk Yn)l — ®?m|n[/11Cjkh + 1 (neyy — Gik V)]

—Oi[@mn Cicn + o (Gniy; — G V) + i (GnkGjn — Gj Gnn) ]
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- ®|im [as, Gkn + bin (ghkyj = Gjk Vi) + 1y (ghkgjn — Jjk Gnn)]

_®i|n[alm Gikn + by, (ghkyj — Yjk }’h)] - @ [dimn (ghkyj — Gjk Yh)

+bim (GhkGjn — Gk Gnn )1} = 0.

Theorem 3.1: In P2 —Like—C"” — (M)TRE, , the mixed hv — covariant derivative of third order for Cartan's second curvature
tensor le}m and associate P, given by (3.5) and (3.7),respectively, if and only if (3.6) and (3.8) hold.

Transvecting the condition (3.4) by y/, using (1.1a),(1.1b),(1.9a), (1.8¢) and (1.8f), we get
(3.9) P,ih|l|m|n = Comn P + +0 dipnn (8351 — 8431)
if and only if
(3.10) P]’§ch|l|m|n v+ 1:}l}ch|l|my]|‘n+yj{®j|[|m|n Citn+9j1m [An Cin]
+®j|l|n[am Chn + tm (8hyk — Styvn)] + D, im |n[Al Cin + m(Shye — Siyn)l
+0; [ @mn Cin + b (kv — 8k¥1) + i (85 Gkn — S5 Ghn) ]
+@im [aln Cin + b (6iilyk - 51i)’h) + Hl(diilgkn - 6Iicghn)]
+0, |n[alm Chn + bun (611 — Skyn)] + O; [ bim (84 Gkn — 61.9nn)]
—¢f,|m|n Gien = Bijm [An Citen] — Qf”n[Aijkh + U (GneYy — Gk Vi)l
_mfm|n[/116}'kh + 1w CGnedy — Gik V)]
—Oii[@mn Cicn + o (GniY; — G V) + i (GnkGjn — Gj Gnn) ]
- (Z)|im lar, Gikn + by (ghkyj = Gjk Yh) + 1y (ghkgjn — Jjk Ghn)]
—¢i|n[azm Cjkh + by, (Qhk}’j — Yjk Yh)] -0 [dimn (ghkyj — Gjk Yh)
+bpy, (ghkgjn — Gjk ghn)]} =0,
where y/@; = ¢.Thus, we conclude

Theorem 3.2: In P2 —Like—C"" — (M)TRE, , the mixed hv —covariant derivative of third order for v(hv) — torsion tensor Pf,
given by (3.9) if and only if (3.10) holds.

Contracting the indices i and hin the condition (3.4), using (1.9¢),(1.5f),(1.3a,f) and (1.3c), we get
(3-11) ij [l|m |n = Cimn E‘k + ®j dlmn ( n-— 1))’k
if and only if

(3.12) 9, Cr ++0j1m [/1an]+®].”|”[/1ka + iy (n = Dy ]

[Im |n

+0 1 | MG + i (n = Dy ]+0; )1 [@nn Cp + by (1 — Dy

it (M = D Gin] + Ojjm[ain G + bpy(n — Dyp + (n — 1) gpn ]
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+0; | @i Ci + b (n = Dyie] + 8; [ by (n = DG ]

-0 Gir — Dy [ Cirr 1 — ®|rl|n[/1mcjkr + tm (GniY; — GjreYn)l

ltim |
—QTmMMICjkr + i (Gney; — GjkYn)l
— 07 [@nn Cier + bun (Gcy; = i Vi) + bon (GriGin — G Gnn)|
— Ol Cir + b (gney; — Gixyn) + (G Gm — Gt Gin) |
_Qqn[alm Cir + bim (9reY; — G yn)] — 0" [t (9r1Y; — Gjxc ¥)
+bim (Gric Gjn = Gjie Grn )1 = 0.
Contracting the indices i and hin the condition (3.9) and (3.10) using (1.9¢,d),(1.5f), (1.3a,f) and (1.3c), we get
(B13) Pyppm|n = Ctmn P + @ dignn (= D)y

if and only if
(B14) Py fn ¥+ Biettim¥ ], 797 9, 1 [ G0 1 [An Ci]

+0 0 [Am G + (0= Dyl + 0,1, [ G+ (n — Dy,

+0; 1 [ Cic + by (1= D)yge + py (0 — 1) g ]
+0jm [ C + b (n— Dy + (n — 1) gy |
+0; | @i Ci + by (1 = Dyic] + 8; [ by (n = DG ]
—®Tl|m|n Gir — Dl [AnCjier ] — |Tl|n[/1ijkr + i (Grey; — Gk ¥r)l
_®7m|n[/11q'kr +w(gy; — iyl
~0[@mn Gier + Bun (G = G V) + tom (o Gjn = G Grn)]
~ Ol [@in Ger + bin (9rkY; = G ¥r) + 1i(Grk Gjn = Gjic Grn)]
_®r|n[alm Cir + bim (9rky; — 957 )| = 0" [dimn (G Yy — 91 V7)
+bim (Grk Gjn — G G )} =0 .

Thus, we conclude

Theorem 3.3: In P2 —Like—C"" — (M)TRE, , the mixed hv —covariant derivative of third order for the P —Ricci tensor Py and
the curvature vector P, are non- vanishing if and only if (3.11) and (3.13) hold.

IV. P* — €™ —Mixed Trirecurrent Space
A P* — Finsler space is characterized by [8]

(41) Pl = Cipyy) =0Cy, 0 #0,
Where  Pj,y/ = Piy = Cips ' -
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Definition 4.1: The GC"* — (M)TREF, which has the property ofP2 —Like space [satisfies the condition (4.1)] called P* — C"¥ —
(M)TRF,.

Remark 4.1: All results which obtained in P2 —Like—C"” — (M)TRE, satisfy in P* — C"* — (M)TRE,.

Let us consider an P* — C" — (M)TRE,.Now, taking the h —covariant derivative for (4.1) second times with respect to x!, x™,
successively, we get

(4.2) Plih|l|m = @yum Cin + Oy C}imm + Opm C}ihu +0 Clih|l|m
Also, taking the v — covariant derivative for (4.2) with respect to x™, we get

(4.3) Plih|l|m|n =

. i i i
Dytm |n Cien + Bitim Cp + Pt Cenim + Ot |

0 |n Clihll + O Clih|l|n +9, Clihlllm +0 Clih|l|m|n '
Using (1.12),(1.14),(1.18),(2.1) and the condition (2.2) in (4.3), we get
(4.4) P,ih”lm In =P |n Chn + Byt [An Cin] + @)y | [Am Cn + tom (8530 = Sivn)]
+0[@mn Cin + b (8hyic — 8k y1) + 1 (8 Gien — S5 Ghn) |
+0,,, |n[/11CIih + 1 (84y = 8iyn)] + O [ iy + b (813 — 8k vn)

+1, (84 Gin — 8. Gnn )] + @ |n[alm Cin + bim (811 — SLyn)]

+®[Clmn Cléh + dlmn (6;1}7]( - 6Ilcyh) + blm (6;;gkn - 6llcghn)]

Using the condition (4.1) in the (4.4), we get
(4.5) P,im”m n = Cimn Piy + fimn (8hYi = k¥ )40, m [ Chn + Bpum [An Cin]
+0, [ Am Cin + tom (831 = 8ivn)]
+0 [ @ Chn + b (8hYk — 8k¥n) + o (81 Gkn — 61.Gnn) ]
+0,,, |n[/11CIih + w (85 — 8kyn)] + O L@ Cin + bin (8hvic — S13n)
+1, (84 Gkn — 65 Gnn )] + 0 |n[alm Cin + bim (8hyi — Skyn)]

+®[blm (6;19kn - 6Iicghn)]y

where fin = 0d;,, - This show that
(4.6) P,ih|l|m|n = Cimn P, + fron (5 — Sicvn)
if and only if
47) By |n Cn + By [An Cin] + @)y [Am Cien + ttm (Sh 3k = Sk )]
+0[@n Cin + bon (8hYic — 8 Y1) + 1t (84 Gen — 65 9hn) |

+¢|m |n[/1[CI£h + #z(‘sﬁyk - 51i3’h)] + Oy [aim Cin + bin (&b’k - 51iyh)
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+1 (8 Gk = 81Gnn )] + B | [@im Chn + bim (85 3% = Sivn)]

+@[ by (84.9kn — 6k9nn)] = 0.
Transvecting the condition (4.5) by g,,, using (1.9¢),(1.5b),(1.3c) and (1.8a,b), we get
(48)  Prenpim|n = Comn Pricn + fomn (Gnr Yk = Gnr Yi)

if and only if
(4.9) By | Clrn + Bt [An Ciern] + @1, [ Cirr + tn (Ghr Vie = Gier Vi)

+@i[a@mn Cirre + brn (Grr Vi = Gir Y1) + bin (Ghr Gien — Gier G

+0 0| [ Chrn + 11(GrrYie = Gir Y1) + Bpm (a1 Ciern + bin (Grr Vi = Gir Y1)
+11(Gnr Gin = Gir Gnn)1 + B (@1 Crn + b (Ghr Vi = Gir Vi)

+®[blm (ghrgkn - gkrghn)] = 0.

Theorem 4.1: In P* — C" — (M)TRE,, the mixed hv — covariant derivative of third order for the v(hv) — torsion tensor P}, and
its associate P, given by (4.6)and (4.8), respectively if and only if (4.7) and (4.9),respectively.

Contracting the indices i and h in (4.5), using (1.9d),(1.3f,a),(1.5f)and (1.3c), we get
(410) Pypypm|n = Cimn Pic + fimn (0 = Dy
if and only if
411) @y 1nCie + Djim [1,,C.]+ ®|l|n[/1ka + ty, (n— Dy, ]
+0[amn Ci + by (0 — Dyie + (0 — 1) Gin]
+0 1[G + (= Dyil + Opn (a1 G + by (n — Dyye + (0 — D G|
+0 |, [am Ci + by (n — Dyy] + 0[byy (n — Dgin ] = 0.
Thus, we conclude
Theorem 4.2: In P* — C" — (M)TRE,, the curvature vector P, is non- vanishing if and only if (4.11) hold.
V. Conclusion

We studied certain types of a C"" —mixed trirecurrent, such as P2 — Like space and P* —space, and derived new results
characterizing these spaces in the main space.
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