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Abstract - The nonlinear load-deflection response of
telescopic conical compression springs is due to the
gradual stacking of the coils and the change of the
diameter along the spring axis. The classical theory for
cylindrical springs is well established, but analytical
treatments for spiral-defined conical springs are
fragmented and often based on incremental coil-by-coil
approaches that may lead to more inaccuracies in the
prediction of their load-deflection response than the more
comprehensive approaches proposed in this paper. A
unified closed-form theoretical framework is presented in
this paper for the load-deflection and stiffness behaviour
of telescopic conical springs, whose coil centrelines follow
Archimedean, logarithmic and parabolic spiral laws. The
elastic deflection is determined exactly by a continuous
turn-index formulation. A load-radius boundary mapping
models the progressive stacking regime explicitly. Closed-
form expressions are obtained for the linear and stacking
regimes, the transition and collapse loads and the evolution
of instantaneous stiffness. We formally prove the
mathematical continuity, monotonicity, and limit
correctness. By means of comparative analysis we reveal a
consistent stiffness hierarchy between spiral types and the
geometric mechanisms governing nonlinear response. The
framework avoids incremental summation methods and
offers design-ready analytical expressions, which are
appropriate for optimization and parametric synthesis of
nonlinear conical springs.

Keywords: Conical compression spring, spiral geometry,
nonlinear stiffness, telescopic spring, closed-form model,
stacking regime, analytical mechanics.

I. INTRODUCTION

Helical compression springs are one of the most common
types of elastic elements in systems of mechanical
engineering, performing important functions of energy
storage, load control, vibration isolation, and motion control.
Classical spring theory has been extensively developed for
cylindrical helical springs with a constant mean coil diameter
and uniform pitch, for which well-established closed-form

However, the constraints of compactness, custom nonlinear
stiffness, progressive loading and reduced solid height have
led to the development of non-cylindrical spring geometries,
especially conical compression springs. These springs have a
coil diameter that varies along the axis and may telescope
under compression so that the coils can successively nest and
yield a strongly nonlinear mechanical response. Now, in the
case when progressive stiffness and controlled force increase
are necessary, conical compression springs are used in
compact mechanisms, protective  devices, actuators,
suspension subsystems and precision instruments. The theory
of conical springs is much less developed than the theory of
cylindrical springs, although of great practical importance.
Most of the existing methods are based on coil-by-coil
summation or incremental numerical methods that
approximate the nonlinear response by summing local
compliance contributions. Such techniques are useful in
practice but not analytically continuous; they are difficult to
invert for design synthesis and inefficient for optimisation and
parametric studies, which limits their applicability in
developing more advanced spring designs and understanding
their mechanical behaviour. Recent geometric modelling
methods based on mathematically defined spiral centerlines
(including Archimedean, logarithmic, and parabolic spiral
laws) allow for the systematic control of coil radius variation
and stiffness evolution, but their mechanical behaviour is not
yet fully unified into a closed-form theoretical framework. The
scientific and engineering problem solved in this paper is the
lack of a unified closed-form regime-continuous analytical
model of the load-deflection and stiffness behaviour of
telescopic conical compression springs with general spiral
radius laws. Current models are often limited to certain
geometries, ranges of deformation or incremental formulations
where transitions between regimes are masked and analytical
insight is limited. In particular, the progressive stacking phase,
where the coils are in contact one after another, with the
number of active turns decreasing with increasing load, is
often treated with stepwise or numerical methods rather than
with explicit analytical expressions. The research gap is thus
the absence of a continuous, closed-form theoretical
formulation which (i) encompasses the spiral-defined conical

relationships  predict linear load-deflection behaviour. ~ SPrings within a unified framework that (ii) gives explicit
load-deflection relationships in the linear and stacking regions,
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(iii) provides analytical conditions for transition and collapse,
and (iv) gives the stiffness evolution and comparative
behaviour for different spiral laws. Such a general formulation
would replace the incremental summation over the coils by
expressions based on integrals, guarantee mathematical
continuity between phases of deformation, and allow a
parametric control orientated to design. The present paper
covers this gap by proposing a unified closed-form analytical
framework for telescopic conical compression springs whose
coil centrelines follow the laws of Archimedean, logarithmic
and parabolic spirals. The research has the following specific
objectives:

= To develop a continuous turn index geometric model for
spiral-defined conical springs.

= To obtain closed form load-deflection relations for the
fully free (linear) regime for each type of spiral.

= To develop a general analytical formulation of the
stacking regime based on the load-dependent free
boundary radius.

= To obtain explicit stacking equations in closed form for
Archimedean, logarithmic and parabolic spirals.

= To obtain analytical expressions for transition load,
collapse load and instantaneous stiffness.

= Check for mathematical continuity, monotonicity and
correct limiting behaviour across regimes.

= To establish a theoretical hierarchy of stiffnesses and
comparative behaviour for spiral laws.

The following research questions guide the study:

= Can the nonlinear load-deflection response of spiral-
defined telescopic conical springs in both free and
stacking regimes be expressed in fully closed analytical
form?

= How does the spiral radius law affect the evolution of the
stiffness and the nonlinear response?

= Are the resulting closed-form models continuous and
meet physical limit conditions at regime boundaries?

The research is limited to the theoretical, quasi-static,
torsionally dominated analysis of telescopic conical
compression springs with spirally defined coil centre lines.
The formulation is based on linear elastic material behaviour,
small pitch angles and purely axial loading. The contact
between coils is not described in detail but is governed by the
geometrical conditions of stacking. The present work does not
take into account the dynamic effects of fatigue behaviour,
frictional contact mechanics, local stresses, or manufacturing
tolerances, which are left for future studies.
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Il. LITERATURE REVIEW
2.1 Scope and Objective of the Literature Review

The principles of helical compression springs have been
studied for many years, and the behaviour of cylindrical
springs is now well described by the established theory [1, 2].
However, non-cylindrical configurations, in particular
telescopic conical springs defined by continuous spiral laws,
have been less considered in the closed-form analytical
modelling [3, 4], which limits the understanding of their
mechanical properties and potential applications in
engineering design. The present review aims at giving an
overview of the main approaches to the analysis of conical and
variable-radius springs, with special attention to the basic
assumptions and mathematical structures. Instead of a purely
descriptive summary, the emphasis is on the strengths and
limitations of current approaches and on clarifying where
current formulations fall short. The expressions obtained for
cylindrical springs show that the axial deflection is linearly
proportional to the load applied. Also geometric and material
parameters are important, increasing with the third power of
the mean coil radius and decreasing with the shear modulus
and the fourth power of the wire diameter [2, 5]. This model
was built on the elasticity theory and further reinforced by
energy techniques and Castigliano variety methods, which
would be eigenstate equations of spring compliance relative to
the strain energy stored in torsion [6]. These simple classical
equations give good estimates for linear load-deflection
relations and constant stiffness expressions for cylindrical
springs with coil radius and pitch constant along the axis. The
success of the classical theory of springs is therefore mainly
due to geometry. For conical and other non-cylindrical
springs, the stiffness is not constant in the space and has to be
integrated over the active length because the mean coil radius
changes along the spring axis [6]. While the classical formulae
are still valid locally, they do not offer any more global
closed-form solutions, which restricts their use in engineering
designs requiring accurate predictions of the behaviour of the
springs for a variety of geometries. The first major theoretical
obstacle to extending the cylindrical spring theory to
geometries with variable radius is its geometric dependence.
Other geometries, other than cylindrical springs, were
presented to achieve design objectives difficult to reach by the
most common designs, such as progressive stiffness and
reduced solid height [1; 7]. Of these, conical compression
springs are particularly important as they can telescope when
compressed, allowing the coils to nest one after another and
thus providing a compact collapse length with non-linear load
build-up [4]. The usual way to characterise conical springs is
to apply cylindrical formulas locally along coils of varying
diameter. In practice, engineering manuals and design
recommendations used simplified factors of adjustment or
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piecewise approximations using linear variation with respect
to diameter [4]. These methods were useful for engineering
estimates but did not lead to continuous global analytical
models in a computational sense. Later theoretical
improvements include more advanced formulations and
alternate compliance models for variable-geometry springs,
including large deflection analyses, lateral stiffness, and full
stability behaviour [6; 8]. These advances improved the level
of analysis, but most still rely on segmentation or numerical
integration rather than true closed-form expressions. In many
works the conical spring is considered a special case of
cylindrical spring, which is not quite suitable for the case
when the radius changes continuously along the spring.
Consequently, the resulting models are often approximate and
do not correctly describe the non-linear load-deflection
behaviour over the whole stacking range. One of the most
common methods is coil by coil. In this method, the spring is
analysed as a cylindrical one with its own radius. The spring is
divided into individual coils. At a given load, only those coils
that have not yet been touched are considered active. The total
deflection is the sum of the contributions from the coils. As
load increases, contact is made and the coils are gradually
removed from the active set. The primary reason for the
popularity of this method is its simplicity and the fact that it
can be implemented without much difficulty, e.g., in
spreadsheets or basic design tools. Often it yields reasonable
results from an engineering point of view. But there are some
obvious disadvantages as well. The approach is not a closed-
form solution, and the results are dependent on the
discretisation of the spring. Moreover, the response is obtained
in a piecewise way, and continuity between the different
stages is not guaranteed. This complicates the optimisation or
manipulation analytically [10]. Similar assumptions are made
in other simplified models where the coils are considered more
or less independently and contact is approximated. These
models can be useful in practice, but they are not based on a
single consistent theory. Such approximations can lead to
discrepancies in their predictions compared to more
comprehensive approaches such as finite element analysis.
Finite element analysis has also been done for detailed
analysis of conical and non-linear springs [11]. In such models
the coil-to-coil contact, friction and local stress effects are
accurately accounted for as well as geometric nonlinearity [12,
13]. Some work on reduced-order models to increase
efficiency exists, especially for simplifying complex
simulations but still keeping the accuracy in the prediction of
the behaviour of conical and non-linear springs. But these
methods are still numerical in character and are generally used
for detailed analysis rather than for the construction of general
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stress analysis, but they do not replace analytical load-
deflection relations. They are computationally intensive, have
a large number of modelling parameters, and tend to provide
numerical rather than explicit equations. Therefore, they are
not always suitable for parametric design, optimisation or
comparison of different geometries [14]. For the case of
spiral-defined conical springs, a finite element analysis is
better understood as a support or verification tool and not a
primary modelling approach. Beyond these efforts, a smaller
body of work has tried to derive closed-form models of
conical springs, usually with simplifying assumptions about
the geometry, such as constant pitch. These studies show that
it is possible under certain conditions to obtain analytical
expressions for stiffness and non-linear load-deflection
behaviour using integral-based formulations [15, 3]. Some of
these results have also been used in vibration analysis and
optimisation problems [16, 17]. However, most of the closed-
form models available are restricted to specific geometries,
often assuming a simple linear variation in radius. Typically,
they do not include different laws of radius growth within a
single framework. Moreover, the questions of the continuity of
the deformation regimes, the derivative behaviour, and the
stiffness's limits are not always treated in detail. As a
consequence, the present closed-form theories are somewhat
fragmented. More recently, a spiral-based description has been
used to define the centreline geometry of conical springs [18].
Specifically, the Archimedean, logarithmic and parabolic
spirals enable the coil radius to change smoothly as a function
of the turn index. Such formulations are useful in geometric
modelling and CAD-based designs. They provide continuous
curvature and a controlled way to define the spring profile.
They also allow a direct influence on the evolution of stiffness
by the choice of the distribution of radius, which can be
tailored to meet specific design requirements and performance
criteria in the final product [19].The majority of work on
spiral-based spring geometries has focused on geometric
construction or numerical evaluation rather than a complete
analytical investigation. Although some spiral laws have
closed-form expressions for the load—deflection behaviour, the
results are usually obtained separately and not within a single
consistent framework. In particular, there is still little work on
closed-form descriptions of the stacking stage and stiffness
evolution and direct comparison of different spiral forms. In a
broader context, classical spring theory has a sound physical
basis but is mostly limited to simple geometries [1]. On this
basis, existing conical spring models are partially developed
but are often incremental, piecewise or based on specific
geometric assumptions [4]. Numerical and finite element
approaches can give accurate results, but they do not lead to

analytical relationships. Numerical methods, which are explicit analytical relations and thus are of less use for general
techniques used to obtain approximate solutions to design or comparison purposes [11], particularly when
mathematical problems, are useful for validation and detailed engineers require straightforward formulas for quick
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assessments and optimisations in spring design. On the one
hand, spiral-based descriptions offer a flexible way of defining
geometry, but the mechanical treatment is still incomplete
[18]. Together, these points suggest that a general analytical
framework is still lacking. In particular, a formulation is
needed which can accommodate different spiral radius laws,
describe the initial and stacking stages as well as explicit
expressions for load deflection behaviour, stiffness and
transition conditions in a consistent way. To this end, a closed-
form analytical model for telescopic conical compression
springs defined by Archimedean, logarithmic and parabolic
spirals is developed in the present work. The approach adopts
a continuous turn-index formulation rather than incremental
coil summation, incorporates an explicit load-radius boundary
for characterising stacking, and develops closed-form relations
for the stacking stage. In this sense it extends the existing
theory of conical springs to a more general and unified
analytical description.

11l. THEORETICAL FORMULATION
3.1 Mechanical Basis and Modeling Framework

The axial action of a helical compression spring is mainly
due to the torsional deformation of the wire under load. When
an axial force is applied on a closely coiled spring, the
dominant deformation mechanism is the twisting of the wire
cross section, not the bending of the coil centreline. Direct
shear and bending curvature are small relative to the torsion
under the classical assumption of a closely coiled
configuration and are thus omitted from the primary
formulation. This assumption is common in spring mechanics
and valid for small pitch angles and moderate coil curvature.
The incremental axial deflection due to torsion for a coil
element of mean radius r is proportional to r. Hence, the total
axial deflection cannot be expressed by a single constant
radius formula for a coil radius that varies along the spring
axis. Instead, the global response is obtained by integrating the
local torsional compliance over the active turns. This
observation is the main theoretical motivation for the
continuous formulation used in this paper. This means the
spring is represented by a continuous turn index variable
instead of discrete coils. Let the turn index n_acontinuously
vary from the inner active coil to the outer active coil in the
interval 0 < n < n,, where n_a is the number of active turns.
The mean radius of a coil is defined as a continuous function
r(n) The spring is thus represented as a one-dimensional
geometric field, whose mechanical response can be computed
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between coils is modelled in a geometrical approach of
stacking constraints rather than detailed contact stress
analysis. Frictional effects between coils are neglected.
Contact is assumed to remove turns from elastic participation
without adding any compliance. These assumptions are
consistent with common analytical spring models and are
sufficient to obtain closed-form load-deflection relations
across regimes.

3.2 Geometric Description of Spiral-Defined Conical
Springs

A conical compression spring is characterized by a
monotonic variation of coil radius along the axis. In the
present formulation, this variation is prescribed by an explicit
spiral law relating the mean radius to the turn index. The inner
and outer mean radii are denoted by r; and r,, respectively.
The spring’s overall height is L, with a telescopic solid height
approximately S; = d and an active length

Ly =1Ly — S, (1)

The per-turn clearance at the centerline, which defines
the onset of coil contact, is denoted by

65 = La/na (2)

These relations establish the geometric bounds and
contact spacing that determine the onset of stacking. Figure 1
shows the parameters of the studied spiral springs.

End Coil

n, Active Coils

End Coil
T

(a) Free length
D,/2 !
&>

W QOO Orm
T D./2 |

(b) Solid length

Figure 1: Parameters of the studied logarithmic spiral spring

Three spiral families are considered. For the
Archimedean spiral, the radius increases linearly with the turn
index. The governing relation is expressed as

r(n) =nrn +yn 3)
by direct integration. This eliminates the summation over the
coil and enables closed-form evaluation if r(n)is analytically where
described. The material is assumed to be isotropic and linearly
elastic with shear modulus G. 'd' is the wire diameter. The load Y= rzn;rl (4)
is assumed to be quasi-static and only axial. The interaction !
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is the constant rate of change of the radius per turn, r; and r,
are the inner and outer radii, respectively, and n, is the total
number of turns. This form represents a linear increase of
radius per turn.

For the logarithmic spiral, the radius follows an
exponential law with respect to the turn index n, given by

r(n) = rekn (5)
where the growth constant (k) is defined as

__InR

Ng

k

(6)

And R = r, /1. This expression ensures that the ratio of radii
between successive turns remains constant, leading to a
constant ratio between successive turns.

In the parabolic spiral, the square of the radius varies
linearly with the turn index according to

r(n)? =r + fn @)
where
p=rit ©

Hence, the radius as a function of turn number can be written
as

r(n) =12 + pn 9)

This law represents a quadratic variation of radius with
turn index.

These three laws represent distinct radius-growth classes,
linear, exponential, and quadratic, and therefore produce
systematically different stiffness evolution. Because each law
is invertible, the turn index can be expressed as a function of
radius, which is essential for stacking-regime derivations.

3.3 Linear Regime Deflection: Continuous Compliance
Integral

When the applied load is sufficiently small that no coils
are in contact, all turns remain elastically active. This defines
the linear (all-free) regime. In this regime, the total axial
deflection is obtained by integrating torsional compliance
along the full turn domain. Using torsion-dominated spring
theory, the deflection is given by
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This equation is fundamental: it is independent of spiral
type and depends only on the radius function. It establishes a
universal backbone for the theory. All spiral-specific linear-
regime formulas follow from evaluating this integral with the
appropriate r(n).

From Eq. (3) and Eq. (10), we get:

64 P rng
Biin aren (P) = 27 Jo (1 +yn)* dn (11)

By computing the integral, we get

64P[ 3,3 2 2 2,3 4 13 41"
Djig pren(P) = m[ﬁ n+oriynt +nytn’ +oyn ] (12)
0
Thus
64 P na(r4—r4)
Dy aren(P) = —3- ﬁ 13)
The spring rate (instantaneous stiffness) is linear
Gd*(ra—r1)
Rlin.Arch = — (14)

16 ng (rf—rf)

The resulting stiffness is constant and depends on a
fourth-order polynomial combination of inner and outer radii.

From Eq. (5) and Eq. (10), we get:

64 P

Alin.log (P) = Gd*4 fona T13e3kn dn (15)

By computing the integral, we get

64P i

Gd* 3k Gt (16)

Alin.log P) =
Using Eq. (6), Eqg. (16) becomes

64 P (r3—ri)ng

Alin.log (P) = Gd4m (17)
The spring rate is
3Gd*In(ry/r1)
Rlin.log =———2c (18)

64 ng(r3—rf)

For the parabolic, let s(n) = r(n). By substituting s into Eq.
(7), we have

s?=rf+pn (19)

Differentiating both sides gives

2sds =B dn (20)
3
A= ng 64 Pr(n) d =64_P ng 3d 10
Jo cat T Gat Jo " r(m* dn (10) or equivalently,
dn = (2s/B) ds (21)
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From Eq. (10) and Eqg. (21), we get:

64 P 2
Biin par P) = at fszrl s3 ES ds (22)
or
64P 2
Dy par (P) = —5° 5 f:lz stds (23)

By computing the integral, we get

64P 2 1

Biinpar (P) = Gz 575 (3 — 1) (24)

Using Eq. (8), Eq. (24) becomes

Biinpar (P) = G 577y (0 = 71) (25)
Thus
Biinpar (P) = goaidzy (8 = 1) (26)
And

SGd4(r22 —rlz)
128 ng (rZS —r15)

Rlin.par - (27)

In all cases the stiffness in the linear regime is
independent of load but depends on the type of spiral due to
different radius distributions. Physically, Eq. (10) also tells us
that the linear-regime stiffness is determined by the third
moment of the radius distribution along the spring. We
conclude that spiral laws affect stiffness not only local
properties but also the global radius field.

3.4 Transition to Stacking and Contact Criterion

As load increases, adjacent turns approach one another
axially. The onset of stacking occurs when the relative axial
deflection between neighboring turns equals the per-turn
clearance defined in Eq. (2). The first contact occurs when the
deflection between adjacent turns equals the clearance &;.
From the per-turn contact condition,

64Pr3
=0 (28)

The radius of the last free coil (the free-boundary radius) is:
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1
3

c- (229 -

where C is a proportionality constant defined by the spring’s
material and geometric parameters. Therefore

r(P) =C P73 (31)

This mapping is a central theoretical result. It converts a
mechanical loading condition into a geometric boundary
condition. Its inverse-cubic structure arises directly from
torsional compliance scaling with 3. Thus, the exponent is
not empirical but physically determined.

The transition and full-collapse loads follow as:

Gd*s,

T = “oar} (32)
Gd*s,

c= 6413 (33)

So that stacking occurs in the nonlinear regime Pr < P < P.
These loads define exact regime boundaries without numerical
search.

3.5 General Stacking-Regime Deflection Structure

The stacking occurs when the load of transition is
exceeded and the spring is in a non-linear regime. The turn
domain is divided into two regions: an inner stacked region
where the coils touch and only geometrical shortening occurs,
and an outer free region where the coils elastically remain
active. The total resulting deflection is then the sum of an
elastic integral on the free region plus a geometric stacking
term proportional to the number of turns in contact:

AP) = (ng —np () 8 + 22 7P rm)Pdn (34)

Equation (34) is the universal stacking-regime equation.
It applies to any spiral law and preserves analytical continuity
because the integration limit is load-dependent but explicit.

3.6 Spiral-Specific Closed-Form Stacking Solutions

1
Gd*55\3 For each spiral type, the stacking solution follows a
pP) = 29

7 (P) ( 64P ) (29) common procedure: invert the spiral law to obtain n(r),
) evaluate the integral in Eq. (34) up to the boundary radius, and

Define constant substitute the load—radius mapping from Eq. (31).

From Eq. (3) and Eq. (4), we get
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T'f (nf) =N + (rzn;arl)nf (35)

Arranging terms and simplifying

_Trn
Ny = -1 Ma (36)
For the Archimedean spiral, by substituting Eq. (35) and
Eq. (36) into Eq. (34) and integrating up to ny as previously
shown,

_ TFT1 64Pna(r;l r{l)
A(P) = (na L )5 t G ar (37)
Simplify:
To—1 léng P
APy = (G50 nad + e (' = 1) <9

By Substituting Eq. (3.14) into Eq. (3.39) and simplify, we
get:

_ Tngds _ ngds C -1/3 16naC4 -1/3 16narf
AP) = ra-Ty 12T P + Gd*(rp—r1) Gd*(rz—r1)
(39)
ana6s Tla65C _
A(P = — == pl/3
( )Stacked -1 o
4 4
AP)plastic = 14671—“C -1/3 _ i@l—aﬁ
Gd (Tz _Tl) Gd (7"2 - Tl)

By combine the P~1/3 terms from Eq. (30), we get
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Thus instantaneous stiffness:

RArch ( ) (44)

dA/dP

The structure shows that stacking deflection consists of a
cubic boundary-radius term plus a linear geometric stacking
term.

From Eq. (5) and Eq. (6), we get
ny = tIn(r /1) s)

Equation (45) highlights a key feature of the logarithmic
spiral, where the number of remaining elastic turns decreases
logarithmically as the stacking process progresses. The total
deflection consists of geometric stacking of contacted turns
and elastic deformation of free turns.

By substituting Eq. (36) into Eqg. (34) and integrating up
to ns, we get:

=(n L sap 1} _eap rf
A(P) = (na k In r1)6s + Gd* 3k Gd* 3k (46)
From Eg. (31), we get:
C3
Tf3 = ? (47)

The result of the elastic term in Eq. (46) is extremely
significant, since the exponential geometry yields a purely
cubic relationship with the free-boundary radius, free of
higher-order terms. By Substituting Eq. (31) and Eq. (47) into

) A(P) = \ Eq. (46) and simplify, we get:
Gd*s¢\3 Gd4ss\3
T2ng8s "“5S< 64 ) -1/3 n“( 64 ) —1/3 _l6ngr{ 55 55 64P 1}
ra—11 ra—T1 P Gd4(‘r2—rl) Gd4(‘r2—rl) Alog (P) = nads ——l C + lnP +-=In 151 +§—mﬁ
(48)
(40)
S Then
After simplification, we get
_ 0 6P ri
Dpyep (P) = 21a% _ 3nq(6a4)o,*3 p-1/3 _ _16nari APDaastic =3~ Gar 3 (49)
Arch - ro—11 16(ry—11) Gd*(rp—r1)
(41)
Differentiate Equation (41) w.r.t. (P): This exact algebraic cancellation is a defining feature of
the logarithmic spiral.
1/3
dBgrch — 1. 3na(Gd4) 554/3 P—4/3 _ 146narf (42) 54 .
dp 3 16(ry—71) Gd*(ra—r1) AP) stacked = NaOs — (7 Inc—-= ln P — —ln rl) (50)
Simplify : Differentiate Equation (48) w.r.t. (P):
dBarch _ na(Gd4)1/3654/3L _ l6ngri (43) dhApg 85 1 64 rf
P 16(—r1)  P¥3  Gd*(rp—r1) P 3k P 3kGd* (51)
Using P, = oar ——, We can write
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dBiog _ 5_s(1_i) (52)

dP 3k\P  P¢

Thus stiffness:

Riog (P) = ﬁ (53)

P P¢

The logarithmic spiral stacking formulation is essentially
different from the Archimedean case because the radius varies
exponentially with the turn index, as defined in Eqgs. (5)-(6).
This exponential geometry results in a logarithmic relation
between the free-boundary radius and the remaining number
of elastic turns given by Eq. (45). There is an important
mathematical feature in Eqs (48)—(50). Due to the exponential
spiral law, higher-order mixed terms cancel exactly, resulting
in a compact cubic dependence on the free-boundary radius.
This cancellation is unique to the logarithmic spiral and leads
to a particularly clean closed-form expression for deflection in
the stacking regime. Differentiating the expression for the
final deflection with respect to the load (Eq. 51-52) yields the
formula for the instantaneous stiffness given in Eq. (53). The
stiffness thus changes smoothly with load and reflects the
progressive reduction of the active spring region as stacking
progresses. For the parabolic spiral, the radius is governed by
a quadratic law in turn index (Eq. 7— 9), which leads to a
square-root relation when inverted. From r; = r{ + Bn,

2

2_
np=n i > le (54)

a re-r{

Substituting this geometry into the general stacking
formulation (Eq. 34) produces the intermediate stacking
deflection form

AP = (n, E7E) 6, + 842 e (15— 1f) (55)
Simplify:
A(P) = na6s(r2 rf) 128n, P ( ) (56)
ré—rf SGd4(r -r?) U

Substitute 7 (P) = C P~'/3. Evaluate and group terms into

constant P~2/3 linear-in-P. Using €3 = ——>* and algebraic

simplification with €°> = C%C3® to remove mlxed powers
yields the compact final form:

naﬁsrz _ 3na(6d4) 5/3 -2/3 _ 128nar15
par (P) rlz 80 (rz —r{ ) P 56d4(r22 —le) P
(57)

Unlike the logarithmic case, the parabolic spiral gives
algebraic powers of mixed degree on substitution. By applying
the load-radius relationship in Eq. (31) and the geometric
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constants in Eq. (8), these mixed terms can be reordered and
simplified. The final compact closed-form stacking deflection
equation is given in Eq. (57) in terms of a sum of constant,
square-root and linear load terms. This structure clearly
separates:

= the constant geometric contribution,

= the nonlinear elastic contribution from remaining free
coils, and

= the linear stacking contribution proportional to load.

Differentiating Eq. (56) yields

dlpar _ ”a(6d4) 5/3 P—5/3

128n,r]
dP 40(rd—r{ ) (58)

- 56d4(r22—r12)

The corresponding instantaneous stiffness is can be
obtained as

Ry (P) = (59)

dA/dP

The stiffness variation reflects the quadratic spiral
geometry and produces a smooth nonlinear hardening
response throughout the stacking regime.

3.7 Continuity, Monotonicity, and Limit Verification

Mathematical consistency of the stacking models is
verified through boundary substitution and derivative analysis.
Substituting the transition boundary into the stacking
equations reduces them exactly to the linear-regime formulas
(Egs. 11-27), proving continuity at Pr. Substituting the
collapse boundary eliminates the elastic integral term,
reducing deflection to the geometric stacking term alone,
consistent with the solid-height condition.

Differentiation of the load-radius mapping Yyields
showing smooth monotonic boundary evolution. Substitution
into the differentiated stacking equations (Egs. 42-43, 51-52)
shows that dA/dP > 0 throughout the admissible domain,
proving monotonic deflection growth. As P — P, the elastic
contribution vanishes and the slope approaches zero, implying
infinite stiffness, a physically correct solid-limit behavior.

3.8 Theoretical Consequences

Because stiffness evolution depends on how rapidly the
free-boundary radius shrinks with load, spiral laws with faster
radius decay produce faster stiffness growth. From the derived
stiffness expressions, a strict ordering follows:

klogarithmic > kArchimedean > kparabolic
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This ordering is not empirical but a direct theoretical
consequence of radius-growth law structure and the cubic
torsional compliance dependence.

IV. MATERIALS AND METHODS

The present study is performed by employing a structured
hybrid analytical-computational methodology for the
development of a unified closed-form theoretical model for
the load-deflection and stiffness behaviour of telescopic
conical compression springs defined by continuous spiral
radius laws. The modelling framework was designed with a
methodological goal of complete reproducibility, in which the
geometry, governing mechanics, regime transitions, and
response calculations are all explicitly derived from first
principles, rather than by empirical fitting or incremental coil
summation. Hence, all the work stages from the geometric
definition to the evaluation and verification of the response
were formulated in analytical form and then evaluated
numerically only for the generation of curves and the
comparative analysis.The research began with the parametric
geometric definition of the spring centreline by using a
continuous turn-index representation. Instead of modelling the
spring as a collection of discrete coils, the coil centreline
radius was modelled as a smooth function of a continuous turn
parameter over the active coil domain. To reflect different and
mathematically well-defined classes of radius growth, three
spiral laws were chosen: Archimedean (linear variation of
radius with turn index), logarithmic (exponential variation)
and parabolic (quadratic variation). The explicit analytical
form of each spiral function was described and constructed to
satisfy the same boundary conditions, e.g., inner mean radius,
outer mean radius, total number of active turns and wire
diameter. By enforcing the same boundary radii and number
of turns in all cases, we allow comparison that focuses on the
mechanical effect of the spiral growth law itself, as opposed to
any global size effects. The spiral relations were also
formulated in invertible form, allowing the turn index to be
expressed as a function of radius, necessary for derivation of
stacking-regime limits and load dependent active domain
boundaries. After the geometric definition, the mechanical
model was constructed on the basis of the classical theory of
closely coiled helical springs. It was assumed that the
deformation mechanism was torsion-dominated, that is, the
axial deflection under load was mainly due to twisting of the
wire rather than bending of the coil centreline. The material
was assumed to be linear elastic and isotropic with a constant
shear modulus, and the wire cross-section was assumed to be
circular and uniform along the length. Other assumptions in
the modelling were small pitch angle, quasi-static axial
loading and negligible contribution of direct shear and
bending curvature. A geometric stacking criterion was used to
handle the coil contact during progressive compression. When
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the axial clearance of the adjacent turns closes without any
additional contact compliance or frictional effects, the
adjacent turns are removed from elastic participation and
stacked. These assumptions are compatible with the well-
known analytical spring mechanics and with the torsional
compliance framework used in the theoretical development.
Provided the above, the load-deflection relation governing this
situation was derived from the torsional strain-energy
considerations and is given by a continuous compliance
integral over the active turn domain. Since the torsional
compliance is proportional to the cube of the mean coil radius,
the total axial deflection was written as an integral of the
radius-cubed field against the turn parameter. This continuous
formulation replaces the wusual coil-by-coil summation
methods and enables an exact analytical evaluation if the
radius law is known. In particular, two deformation regimes
were studied. The compliance integral is integrated over the
entire turn interval, as all turns are elastically active in the
linear (all-free) regime. The closed-form linear load-deflection
and constant stiffness expressions specific to the spiral The
progressive stacking regime proposed a load-dependent
boundary radius based on a per-turn clearance condition
equating local relative deflection to geometric coil spacing.
This condition gives an explicit analytical mapping between
the applied load and the radius of the last free coil. Thus, the
active domain is truncated analytically, and the total deflection
is the addition of an elastic integral over the remaining free
turns and a geometric stacking term proportional to the
number of contacted turns. From this boundary condition the
transition load and the collapse load were obtained directly,
giving exact regime limits without numerical search. Closed-
form expressions were derived for each spiral law in both
regimes and evaluated by symbolic and numerical
computation tools. Symbolic processing has been first used to
simplify the derived expressions and to reduce them to
compact analytical form. Numerical evaluation was done by
inserting a compatible set of parameters into all spiral models
and calculating response values for a dense load grid over the
admissible operating range from zero load to collapse load.
Load-deflection curves were directly obtained from analytical
equations for each spiral type. Instantaneous stiffness curves
were obtained by differentiating the closed-form deflection
expressions with respect to load and evaluating the resulting
expressions at the same load grid. No numerical fit, regression
or curve smoothing was performed; all plotted results are
directly derived from the equations obtained. The use of
structured post-processing and verification steps ensured
correctness and reproducibility. All expressions were checked
for dimensional and parameter consistency. The analytical
transition load was plugged into the stacking-regime formulas
and checked to simplify exactly to the linear-regime deflection
formulas, which confirms the regime continuity. The limit was
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checked by substituting the collapse load and confirming the
elastic integral term disappears and the deflection is only the
geometric stacking term as required by the solid-height
condition. Monotonicity of the response was checked
analytically by analysing the sign of the load derivatives and
numerically by checking strictly increasing load-deflection
curves. The instantaneous stiffness was compared with
numerical slope estimates of the computed curves, obtained
from analytical derivatives. Further checks showed that the
mapping from load to boundary radius is strictly monotonic
and that there are no slope discontinuities at regime
transitions. In this way, all the reported curves and
comparative results can be directly traced back to the closed-
form governing equations obtained by the proposed geometric
and mechanical assumptions. In combination, the analytical
derivation, parametric evaluation and internal consistency
check constitute a transparent and fully reproducible Materials
and Methods framework for the spiral-defined telescopic
conical spring modelling.

V. RESULTS AND DISCUSSION

In this section, theoretical and computational results
obtained from the unified closed-form formulations developed
in Section 3 are presented and interpreted. The results section
is designed to not only show curves and tables but also to
demonstrate how the derived equations explain the nonlinear
mechanical behaviour of spiral-defined telescopic conical
springs, how the three spiral geometries behave differently,
and how regime-based theory is confirmed through internal
consistency checks and comparative trends. The figures
referred to here are humbered and captioned as they were in
the original manuscript file.

5.1 Theoretical Load—Deflection Characteristics

The primary theoretical result of the present model is the
full load-deflection relation in the fully free and progressive
stacking regimes for the three spiral geometries. Continuous
load—deflection curves were generated over the full admissible
load range from zero load to collapse load, using the closed-
form expressions derived in Section 3, specifically the linear-
regime formulas (Egs. 11-27) and the stacking-regime
formulas (Egs. 41, 48, and 57). The theoretical load-deflection
curves of the telescopic conical springs defined by
Archimedean, logarithmic and parabolic spiral laws under the
same geometric and material parameters are shown in Fig. 1.
As all three springs have the same wire diameter, shear
modulus, active turns and boundary radii, the differences
between the curves are only due to the spiral radius law and its
effect on the radius distribution integral and the stacking
boundary evolution.
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Figure 2: Theoretical load—deflection curves of telescopic conical springs
with Archimedean, parabolic, and logarithmic profiles

The load-deflection curves in Figure 1 show a significant
nonlinear behaviour, with the load increasing super linearly
with the deflection. This behaviour is a direct consequence of
the stacking-regime formulation in Eq. (34), where the active
elastic domain shrinks with increasing load as the boundary
radius decreases as defined by Eq. (31). For small deflections,
all the curves collapse on the linear response Eqg. (10), with the
differences in initial stiffness being determined by the radius-
cubed integral. As the load approaches the transition value of
Eq. (32), the curves deviate smoothly from linearity, which
confirms the analytical continuity between the regimes as
shown in Section 3.7 The three spiral geometries exhibit a
clear hierarchy in stiffness. For any admissible deflection, the
logarithmic spiral carries the greatest load, followed by the
Archimedean and the parabolic spiral, as predicted by Egs.
(53) and (59). This ordering follows directly from the different
laws of radius-decay and the cubic dependence of the torsional
compliance on the radius in Eq. (10). The logarithmic spiral
provides a faster response and a faster stiffness amplification,
and the smaller radii are focused earlier, while the
Archimedean and parabolic spirals generate more and more
moderate responses. The transition load is given by Eq. (32)
and is the point of coil contact that is manifested as a smooth
increase of curvature without any discontinuity in slope or
deflection. This confirms the continuity condition proved in
Section. 3.7.1, where the stacking expressions reduce exactly
to the linear regime at the boundary of transition. Beyond this
point the logarithmic spiral displays the fastest nonlinearity,
the Archimedean spiral the intermediate response, and the
parabolic spiral the slowest evolution. This is in agreement
with the boundary sensitivity discussed The lack of slope
discontinuities means that regime transitions are analytically
embedded, not numerically imposed. The deflection relations
(Egs. 41, 48, 57) in the stacking regime consist of two terms,
an elastic term over the remaining active turns and a geometric
stacking term proportional to the number of contacted turns.
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The elastic contribution decreases with the load, and the
stacking term increases, leading to a slow increase of the
stiffness. The strength of the curvature corresponds with the
analytical structure of each formulation, being strongest for
the logarithmic spiral (Eg. 48), moderate for the Archimedean
(Eq. 41), and least for the parabolic spiral (Eq. 57). In all the
cases the derivatives are positive as expected from the
conditions obtained in Egs. (42-43), (51-52) and (58) so that
the curves are strictly monotonic.

5.2 Instantaneous Stiffness Evolution

Instantaneous stiffness curves were obtained from the
reciprocal slope definition using the derivatives of the stacking
equations in closed form. The evolution of the stiffness can be
readily obtained from Egs. (44), (53) and (59). The stiffness
increases monotonically with load in the stacking regime for
all spiral types in agreement with the theoretical prediction of
progressive loss of active turns and continuous reduction of
compliance. The slope of the load-deflection curve approaches
zero, and the instantaneous stiffness diverges at the load of
collapse given by Eq. (33). This asymptotic behaviour can be
observed in the high load tail of the calculated curves and is in
accordance with the limit analysis presented in Section 3.7
Physically, this is the approach to solid height. Small
additional deflection due to additional load. The comparative
stiffness plots (the same as the stiffness figures in the original
file) show that the logarithmic spiral has the largest stiffness in
the stacking regime, followed by the Archimedean and
parabolic. The spacing between stiffness curves grows with
load. This means that the spiral law dominates more deeply in
the stacking regime than in the linear regime.

5.3 Numerical
Deflections

Value Comparison at Representative

Table 1 further illustrates the stiffness hierarchy of the
representative numerical values reported. The predicted load
of the logarithmic spiral is higher than that of the
Archimedean spiral at each deflection level shown, which is
higher than that of the parabolic spiral. The differences grow
with deflection, confirming the nonlinearity of the spiral-law
influence and its increase with the stacking progression, rather
than its constancy.

Table 1: The stiffness hierarchy
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This behavior is consistent with the theory because the
boundary-radius mapping in Eq. (31) introduces a nonlinear
coupling between load and active radius domain. Spiral laws
with faster radius contraction produce faster domain
contraction and therefore stronger stiffness amplification at
higher loads.

5.4 Consistency Checks and Model Self-Verification

The derived formulas and the computed curves have been
internally checked for consistency several times. First,
substituting the transition load into the stacking equations
reproduced the linear-regime deflection values to numerical
precision, confirming analytical continuity. Secondly, the
substitution of the collapse load resulted in deflections equal
to the telescopic solid height prediction, confirming correct
collapse limits. Thirdly, numerical differentiation of the
computed curves agreed with the analytical stiffness formulas
and thus confirmed the correctness of the derivative. Residual
checks of the load—-radius mapping indicated a monotonically
decreasing boundary radius with load as predicted .No regime
reversals or non-physical oscillations were observed. These
checks show the consistency and numerical stability of the
theoretical framework throughout the whole domain.

5.5 Design Interpretation of Results

From a design perspective, the results demonstrate that
spiral-law selection provides a straightforward and predictable
approach to customising nonlinear stiffness. Logarithmic
spirals are more suitable for applications with fast growth in
stiffness and high load capacity at moderate deflections.
Archimedean spirals show well-balanced, non-linear
behaviour with a moderate progression. Parabolic spirals
provide for smoother compliance and a larger low-stiffness
range before rapid hardening. These conclusions are derived
directly from closed-form equations and not from fitted
curves, and they are therefore amenable to use in parametric
design and optimisation workflows. The results thus confirm
not only the correctness of the theory, but also its practical
utility in design.
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