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Abstract - In this paper, several convergence results are obtained for various mappings in convex G-metric spaces using
Noor iterative procedure. The Results obtained generalized a variety of comparable results.
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I. INTRODUCTION AND PRELIMINARIES

Mustafa and Sims [12] defined the generalization of metric space in 2006 and named it as G-metric space. Since then, several
fixed-point results for various mappings have been obtained in G-metric spaces [1-3, 7-11, 13].

Basic definitions and results:

Definition 1.1: [12]. A function £ : 3x 3x 3 — R* (where J = ¢) is said to be a G-metric on 3 if it satisfies:

(i) S(x.p.c)=0when y=p=x,

(i) 0<(x.x.p) Vr#pand z,pe3,

(i) {(r.2.p)<C(x.px) Vp=xandz,pxes,
(V) $(xopox) =& (xk, p) = (oK 2) = oo

V) Spx) <l +E( k), V. py €3,
Then, (P,£) is said to be a G-metric space (GM-space).

Definition 1.2: [12]The sequence {;(a} of points of 3 is called G-convergent to @ in GM- space (3,£) if forache >0,

31 eN suchthat{(m, z,, z,) <& forall a,b>1. We can say that e is limit of the sequence { 7, }.
Definition 1.3: [12] A sequence {z,} ina GM- space (3,)is called G-Cauchy if for each ¢ > 0,31 e N such that
4:()(—51:%,%) <& Va,b,cx>1.

Definition 1.4: [12] If every G-Cauchy sequence of points of a GM- space (3,£) is G-convergent then GM- space (3,<) will be
called G- complete.

Lemma 1.5: [12] Let (3,¢) be a GM-space, then & (y, 0, p) <25 (o 1, 2) ¥ y pe 3.

Takahashi [15] defined Convex metric space in 1970 and proved some fixed-point results for non expansive mappings. There after
many extensions of this concept are obtained see [4-6, 14, 16, 17].

In 2019, Yildirim and Khan [18] defined convex G-metric space as follows:

Definition 1.6: [18].A function W : 3x IxIxI — J defined on aGM-space (3,¢) s said to be a convex structure on (3,¢) if

CW(xy,0;62),0,0) < (x,0,0)+ AL (0,0,0) Vy,0,0,0eT and ¢,1 el =[0,1] satisfying £+ A=1.Then (3,£,W) is said to
be a convex GM- space.
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Definition 1.7: [15] Let S = ¢, then Sis said to be convex subset of convex GM-space (3,£,W) if W(y,0;6,4) €S Vy,0€S
ande, A eI=[0,1].

Then Yildirim and Khan [18] transformed the Mann iterative procedure in convex GM- space as follows:

Definition 1.8: [18] Let (3,£,W) be a convex GM- space and Y: 3 — 3 be a map.Let {if } be any sequence on [0,1] for f e N .
Then for any 7, € Jand f € N, the Mann iterative procedure is the sequence {rf } defined as

QLY 7, =W(r,, Y7, 51-0,,i,),
Now, we will transform the Ishikawa and Noor iterative procedure in convex GM- space:

Definition 1.9: Let Y : 3 — 3 be a mapping on a convex GM- space (J,£,W). Let {if },{jf } be any two sequences on [0,1] for

feN.Thenforany r, e Jand f e N, the Ishikawa iterative procedure is the sequence {rf}defined as

T, =W(z,, Yo, ;1-i,,i,),

@.1.2) . . :
v, =W(z,, Y7 1=, J¢ ),

It should be noted here that if we choose j, =0, in (1.1.2) then we get (1.1.1). Thus, Mann iterative procedure is a special case of
Ishikawa iterative procedure.

Definition 1.10: Let Y : 3 — 3 be a mapping on a convex GM- space (J,¢,W). Let {if } ,{jf } {K;} be any two sequences on
[0,1] for f e N.Thenforany r, € Sand f € N , the Noor iterative procedure is the sequence {rf } defined as

T :V\N/(Tf ,YUf ;l_if 1if )1
(113) Vg =W(Tleo-f;l_jf’jf)’
O-f :W(Tf ,er ,1_kf 1kf )1

It should be noted here that if we choose k; =0, in (1.1.3) then we get (1.1.2). Thus, Ishikawa iterative procedure is a special case
of Noor iterative procedure.

In the next section, some convergence results in convex GM- spaces are established for some contractive type mapping using
Noor iterative procedure. The convergence results of Mann iterations and Ishikawa iteration are also obtained as special cases.
The main result generalizes the results of [9, 10, 18].

Il. MAIN RESULT

Theorem 2.1: Let Y: 3 — Jbe amap with F(Y)#=¢and (3,£,W) be a convex GM-space which satisfy the condition

(2.1.1) &(Xr, Yo, Yo) <2l (r,0,0)+1(r, Y1, Y1)
+ 0.;:(1), Yo, Yv)+ 6’47(60, Yo, Yo)

Vr,u,weJand 70,0, R with 0<7z+3r<1.Let 7,3 and {rf}be Noor iterative procedure defined by (1.1.3), where

Zif = o0, Then the sequence {rf } generated by Noor iteration strongly converges to a fixed point of Y.
f=0
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Proof: Let ¢ € F(Y), then

212)  {(16.6) =L Wiz, Yo d-iy i )6.6)
<(1-i,)E(zs.6,9) +i,£(Yvy,6,6).

Now, using (2.1.1), we have

(2.13){(Yv;,6,6)
=¢ (v, Y6, Yg)
< 7z4:(uf ,g,g)-i—lé,:(uf Yo, Yo,)
+08 (¢, Y6, Y¢)+6 (s, Y, Yg)
=75 (Us,6,6)+15 (v, Yo, Yoy)
<7 (v1,6.,5)
+[{Wr.6.6)+ (6 Yo, Y0y |
< (v;,6.,6)
+[ {056 +2{(Yv,,6.6) |-

Thus, we get

(214)  {(Yv,.6.9) <

é“(vf,g S).

Let o= T+

Then 0<7m+3r<lgives0< <1 withl-2:=0.

https:
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Because if, 1-2: =0, then 0< z+3:<1gives 7 <—t, which is a contraction to 7 > 0.

So, (2.1.4) becomes

(215  S(Yv;,6,6)<pS(v,6,6)-

Thus, combining (2.1.2) and (2.1.5), we get

(216)  {(rr1i6.6) (1=, )1 ,6.6) +i 0 vy 16,6)- Now,

17 S(;.5.9)
é:(W(Tf,Y(T,, jf’jf)gg)
<(1-§;)$(i6.9)+ i S(Yor.6.6).
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Again, using (2.1.1), we have

£(Yoi.6.6)
={(Yo,,Y¢,Y¢)

Sﬂé:(af ,g,.g)+zé:(0'f Yo,,Yo,)
+08(, Y5, Y¢)+65 (¢, Y, X¢)
=75 (o,,6,¢)+il(o,;,Yo,,Yo[)

< (07,6,5)
+[(0.6.9)+L(c. Yo, Yo,) ]

< pé(oi.5.6)
+1[{(01.5.6)+2(Yo,.5,6) ]

Thus, we get
~ T+l 2
(218) <(Yo,,6,6)< Eg(o, 1656)-

Using g = 17[—_+211 , (2.1.8) becomes

(219)  {(Yo,.5.6) <pl(0}.5:6).

Thus, combining (2.1.7) and (2.1.9), we get

(2110)  {(vy.5.9)
<(1-§;)¢(z.6.9) + [0S0y .6.6).

Using (2.1.6) and (2.1.10), we get

(2110 (r1.0:6.6)
<(1-i,)¢(zs16.9)
+io (1-J/)@6.9)+ i0(o116.9) |
=[1-(1-p)i; -i ;9] .c.6)
+i 19°C(04.,6:6)-

Now,

(21.12)  £(oy.c.¢)
- 4’(V\7(rf Y7l-k Kk, ),g,g)
<(1-k S 0) +k E(X 7 1606).
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Again, using (2.1.1), we have

£(rr,.6.6)

={(Yz,,Y5,Y¢)
Sﬂé:(rf’g’g)—i_lé:(rf’YTf'YTf)
+0S (5, Y5, Y6) + 65 (5, Y5, Y¢)
:ﬂéj(z-f’Glg)_{_lé:(Tf'YTf'Yff)

<7l(r;.6.6)

+[C(169)+4 (6, X7, X7) |
<7 (74,6.6)
+[$(rr.6.9)+20(Y7(.6.6) |

Thus, we get
(2113)  {(Y7i.6.6) < C(ff 16:6)-
Using g =-——, (2.1.13) becomes

(2114 S(7,6.6) <p{(r1.6:6).
Thus, combining (2.1.12) and (2.1.14), we get
(21.15)  {(07.6.6)

<

(1- )é“(ffvg ) +kpl(ri.6.5)
( ) ¢(4.6:6)

Using (2.1.11) and (2.1.15), we get
(2.1.16) ¢(7(1:6:6)
<(1-(1-p)i; —pi, ;) (z16.0)
+igjig ((1 K +kf59) (vagvg))
:|:1_ So)lf ( ) jf(l+kfg/‘)):|é:(rf'GIG)
[1-(1-9)i; | 6.9)
<[1[1-(-9)i ]S .6.6)

—(1- p)Zl
<e "0 L(r,,6,9)

. 2. i . —(1-p) £ ih
Since, i, = and 0<p <1, thisgivese "0 —0.

f=0

Thus, !im f(rf ,¢,¢) =0.Hence, the sequence {rf } converges strongly to a fixed point¢ of Y.
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Corollary 2.2: Let Y:3 — 3 be amap with F(Y) =g and (3,£,W) be a convex GM-space which satisfy the condition

(2.2.0) (X7, Yv, Yo) < 7 (7,0, 0) +1E (2, Y7, Y1)
+ of(u, Yo, Yv)+ Hé:(a), Yo, Yw)

Vr,u,0e3Jand 7,0,0,1€ R"with 0<7+3r<1. Let 7, €3 and {rf } be Ishikawa iterative procedure defined by (1.1.2), where

Zif = oo, Then the sequence {z-f } generated by Ishikawa iteration strongly converges to a fixed point of Y.
f=0

Proof: Choose k; =0 in (1.1.3) to obtain (1.1.2).

Corollary 2.3 [18]Let Y: 3 — 3 be a map with F(Y) =g and (3,£,W) be a convex GM-space which satisfy the condition

(2.3.1) £(Y7, Y0, Yw) < 7l (r,0,0) +1C (7, Y7, Y7T)
+ of(u, Yo, Yv)+ 6’4:(60, Yo, Yo)

Vr,u,0e3Jand 7z,0,60,1€ R"with 0<7z+3r<1. Let 7, €3 and {rf } be Mann iterative procedure defined by (1.1.1) with

0

Zif = oo, Then the sequence {rf } generated by Mann iteration strongly converges to a fixed point of Y .
f=0

Proof: Choose j, =0andk; =0in (1.1.3) to obtain (1.1.1).
Corollary 2.3 gives approximation result for the mapping used in Theorem 2.1 of [10].

Corollary 2.4 LetY: 3 — 3 be a map with F(Y) = ¢and (3,£,W) be a convex GM-space which satisfy the condition

(2.4.2) (Y7, Yv, Yo)
<7l (r,0,0)

+ z[f(r, Yz, Y1)+ f(u, Yo, Yv)+ é:(a), Yw, Yco)}

Vr,u,0eJand 7,0 R"with 0<7+3r<1. Let 7, € 3 and {rf } be Noor iterative procedure defined by (1.1.3) with

Zif = o0, Then the sequence {r, } generated by Noor iteration strongly converges to a fixed point of Y.
f=0

Proof: Choose :=0=6 in(2.1.1) to obtain (2.4.1).

Corollary 2.5 Let Y : 3 — 3 be a map with F(Y) = ¢and (3,£,W) be a convex GM-space which satisfy the condition

(25.0) (X7, Yv, Yw)
< 72'4:(2',1), )

+ z[f(r, Yz, Y1)+ é:(u, Yo, Yv)+ é:(a), Yw, Ya))J

Vr,o,weJand 7,1 R"with 0<7+3r<1l.Let 7, €T and {rf } be Noor iterative procedure defined by (1.1.3) with

i, =o0. Then the sequence {rf } generated by Noor iteration strongly converges to a fixed point of Y.

M

f=0
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Proof: Choose :=0=46 in(2.1.1) to obtain (2.5.1).

Corollary 2.6 Let Y : 35— 3 be a map with F(Y) = ¢and (3,¢,W) be a convex GM-space which satisfy the condition

(2.6.1) (Y7, Yv, Yw)
< 7l (z,0, )

+ 1max {f(r, Y7,Y7)+ (0, Y0, Y0)+ < (0, Yo, Ya))}

Vr,o,weJand 7,1 R"with 0<7+3r<1. Let 7, €3 and {rf } be Noor iterative procedure defined by (1.1.3) with

Zif = o0. Then the sequence {rf } generated by Noor iteration strongly converges to a fixed point of Y.
f=0

Proof: Replace sum by maximum in (2.1.1) to obtain (2.6.1).

Corollary 2.7 Let Y : 3 — 3 be a map with F(Y) = ¢and (3,¢,W) be a convex GM-space which satisfy the condition

(2.7.0) £(Y7,Yv, Yo)
< ﬁé:(r,u,a))
+ z[é:(z', Yz,Y7)+ é:(u, Yo, Yv)+ f(a), Yw, Ya))]

Vr,o,weJand 7,1e R"with 0<7+3r<1. Let 7,3 and {rf } be Ishikawa iterative procedure defined by (1.1.2) with

Zif = o0, Then the sequence {r, } generated by Ishikawa iteration strongly converges to a fixed point of Y .
f=0

Proof: Choose k; =0 in (1.1.3) to obtain (1.1.2) and choose :=0=0 in (2.1.1) to obtain (2.7.1).
Corollary 2.8 Let Y : 3 — 3 be a map with F(Y) = g¢and (3,¢,W) be a convex GM-space which satisfy the condition

(2.8.) (X7, Yv, Yw)
< ﬁé:(r,u,a))

+ z[é:(r, Yr,Y7)+ g:(u, Yo, Yv)+ g:(a), Yw, Ya))J

Vr,u,weJand 7,0 R with 0<7+3r<1.Let 7, €3 and {rf } be Ishikawa iterative procedure defined by (1.1.2) with

0

z i; =o0. Then the sequence {rf } generated by Ishikawa iteration strongly converges to a fixed point of Y.
f=0

Proof: Choose k; =0 in (1.1.3) to obtain (1.1.2) and choosez=0 =6 in (2.1.1) to obtain (2.8.1).
Corollary 2.9 Let Y : 3 — 3 be a map with F(Y) =g and (3,£,W) be a convex GM-space which satisfy the condition

(29.0) (Y7, Yv, Yw)
< ﬁg:(r,u, )

+zmax{;:(r, Y7,Y7) +.§:(U, Yov,Yv) +§:(a), Yw, Ya))}
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Vr,o,we3Jand 7,1 R"with 0<7z+3:<1. Let 7, €3 and {rf } be Ishikawa iterative procedure defined by (1.1.2) with

z i; =oo. Then the sequence {rf } generated by Ishikawa iteration strongly converges to a fixed point of Y.
f=0

Proof: Choose k, =0 in (1.1.3) to obtain (1.1.2). Also, replace sum by maximum in (2.1.1) to obtain (2.9.1).

Corollary 2.10 [18] Let Y : 5 — 3 be a map with F(Y) = ¢ and (3,£,W) be a convex GM-space which satisfy the condition

(2.10.1) £(Y7, Yu, Yo)
<7l (r,0, )

+ z[é:(r, Yr,Y7)+ f(u, Yo, Yv)+ f(a), Yw, Ya))J

Vr,v,0eJand 7,1eR*with 0<7+31<1.Let 7, €3 and {z, {be Mann iterative procedure defined by (1.1.1) with

0

z i; =oo. Then the sequence {rf } generated by Mann iteration strongly converges to a fixed point of Y .
f=0

Proof: Choose j, =0, k; =0 in(1.1.3) to obtain (1.1.1) and choose =0 =6 in (2.1.1) to obtain (2.10.1).
Corollary 2.10 gives approximation result for the mapping used in Theorem 2.2 of [9].

Corollary 2.11[18] Let Y : 3 — 3 be a map with F(Y) = ¢ and (3,£,W) be a convex GM-space which satisfy the condition

(2.11.1) (Y7, Yv, Yo)
<7 (z,0, )

+1 max{g;(z', Y7, Y7)+ < (v, Yo, Y0)+ & (0, Yo, Ya))}

Vr,v,eJand 7,1e R with 0< 7+31<1.Let 7, €3 and {z, | be Mann iterative procedure defined by (1.1.1) with

z i, =o. Then the sequence {rf } generated by Mann iteration strongly converges to a fixed point of Y .
f=0

Proof: Choose j, =0,k, =0 in(1.1.3) to obtain (1.1.1) and replace sum by maximum in (2.1.1) to obtain (2.11.1).

Corollary 2.11 gives approximation result for the mapping used in Theorem 2.3 of [9].
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